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LOI NOI DAU

Cuén siach “Hudng didn giai bai tap hinh hoc 10” ¢6 ndi dung
tuong ng véi chuong trinh Hinh hoc 10, bién soan theo chuong trinh
chudn, xudt ban nam 2006.

Mbi muc (§) cia chuong trinh bao gdm bon phan:
I. Tém tit 1y thuyét
I1. Bai tdp cd ban
II1. Bai tap tudng tu va niang cao
IV. Pap s& va hudng din giai

Phéan I: Trinh bay nhing van dé ly thuyét trong tdm nhat cla chuong
trinh ma cdc em can phai hiéu va ndm viing.

Phan II: Trinh bay 14i giai chi tiét cua cdc bai tdp cé trong chuong
trinh, méi bai tdp déu néu day di cdc budc lap ludn véi can ed la céac
dinh nghia, dinh ly, cdc tinh chat da hoc.

Phan 1II: Gi6: thiéu cdc bai tap cing dang véi cdc bai tap c6 trong
chuong trinh va cdc bai tdp nang cao ¢6 danh dau (*) danh cho hoc sinh
kh4, gioi. '

Phén IV: Trinh bay ddp so va hudng dan giai cac bai tap ¢ phan III.

Viéc st dung sdch nén thuc hién theo trinh tu nhu sau: Sau khi hoc ly
thuyét, cdc em hdy tu minh giai cdc bai tdp c6 trong chuong trinh, néu
gap khé khan cé thé tham khao lyi gidi bai tdp trinh bay ¢ phédn II, hon
nita ngay ci khi gidi duge bai Ltap cua chuong trinh, cdc em cing nén so
sanh 1oi gidi cda minh v6i 1¢i giai duge trinh bay trong sach nay dé hiéu
sdu sdc, day du kién thde va phvong phdp gidi bai todn. Tigp theo cde
em nén danh thai gian gidi cdc bai tdp ¢ phin 111 dé rén luyén ky nang
gidi cdc dang todn, néu gap khé khin cé thé tham khdo ddp sd va
huéng dén gidi & phan IV.

Hy vong véi cdch bién soan nay, cuén sach sé 1a tai liéu ho trg tich
cuc gidp cac em hoc t6t Hinh hoc 10.

R4t mong cdc em dung sich vdi y thie tu chi cao va khdng dung séch
theo cdch chi “doc” 2dc 161 giai ¢6 sdn cua cac bai tdp trong SGK.

Céc tac gia



CHUONG I: VECTO
§1. CAC DINII NGIIA

. TOM TAT LY THUYET

1. Vecto 1a mot doan thing dinh huéng, nghia la trong doan thdng dé
nguti ta da chi ra di€m mit nao 1a diém dau, diém mit nao 1a
di€m cudi.

_’
Vectd ¢6 diém ddu la A va diém cudi 1a B, duoc ki hidu 1a AB (doc
l1a vecto AB).
Quy uwéc: Vecto c6 diém dau va diém cudi trung nhau 1a vecto
-
khong. Ki hiéula 0.

2. Pudng thidng di qua diém ddu va diém cudi cia vecto duge goi 1a
gia cha vecto dé.
Hai vecto dugc goi 1a cung phuong néu gid cda ching song song
hoac trung nhau.

8. Hai vecto cung khéc vecto khong va cung phuong thi hodc 1a cung
hudng hodc 14 nguge huéng.

Quy uéc: vecto khdng cung phufang véi moi vecto, va cung huéng
v§i moi vecto.

—
4. Ba diém phéan biét A, B va C thdng hang khi va chi khi A_ﬁ, AC
cung phuong.
5. Do dai ciia mdt vecto a chinh 12 d¢ dai cia doan thing néi diém
ddu va dim cudi cia vecto d6, ki higu 12 |a|.Tacé | ol=0

6. Hai vects a va b duoc goi 12 bing nhau néu ching cing huéng va

-

cang d0 dai, khi d6 ta vigt a = b

- —
- a., b cing huén
Viy a = b <. GRS

-
|a| = [b|




II. BAI TAP CAN BAN
Bai 1. Cho ba vects a, b, ¢ déu khéc vects 0. Céc khing dinh s
- day ding hay sai? : ' -

L - - — -3 - _
a) Néu a va b cung phuong véi ¢ thi avab cing phuong.
- - — - -
b) Néu a, b cung ngugc huéng v6i ¢ thi avab cing huéng.
Huéng dan gidi
- = - - =
a) Ta goi Ay, Az, A 14n lugt 12 gid cda a, b va ¢. Vi a, b cun
: b
phuong véi ¢ nén A; song song hodc trung Az va A; song song hoa
E -
tring As, tit ddy suy ra A; song song hoic trung A,, tic 1a a v
Ecﬁng phuong.
Vay khéng dinh da cho 12 ding.

-

a A1

Y

b ' A

i i
¥

B) Néu a ngude huéng véi b thi b va ¢ cing huéng, ta c6 ma
thuén. '

~ Vay avab cung huéng.

o
B

k

ol
3

A

ol

Asg

I |
Ll

i
)

Bai 2. Trong hinh vé du6i day, hdy chi ra céc vecto cung phuong, cing
huéng, nguge huéng va cdc vectd biing nhau.
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Huéng dén gidi

. b cing huéng, ching kh&ng bang nhau vi |§| # |g|

—
tir hmh vé ta thay X, y cung hudng va |x| ly|-
L]

1a cﬁng hué'ng (hlén nhién ching cfmg phdcmg)

°
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e u, v, w la cing phuong; u v ngUdchUdngva u w mnghuﬁng
Bai 8. Chiing minh ring t& gidc ABCD I hinh binh hanh khi va chi khi
- >
AB = DC
Giai ;
Gia st tif gide ABCD 1a hinh binh hanh. A ) B

. - -
Khi d6 AB = DC = |AB| = |DC|

Mit khéc, dé thﬁy AB va DC ciing hu’é‘ng

_) L

Tir ddy, suy ra AB DC. D | C

Ngugc lal, g1§ su td gidc ABCD c6 AB DC didu nay chufng t6

|AB| = [DC| va AB // CD
hay AB =CD va AB7/ CD

nén ti gide ABCD 12 hinh binh hanh (ddu hiéu nhén biét hinh binh
hanh).

Bai 4. Cho lyuc gidc déu ABCDEF c6 tam 12 diém O. Hay tim céc vectd
khéc vecto khong; ¢6 diém ddu, diém cudi 12 hai trong sd biy diém
A B CDE, Fvé.Othoamﬁn

a) Cung phu'ang véi OA
b) Bang vecto AB.



Gidi a B
Tam O cua luc gidc déu chinh 1a
tdm dudng tron di qua sdu diém A,
B, C, D, E, F. Vi ABCDEF 1la luc O
gidc déu nén cac ti gidc ABCO,

BCDO, CDEO, DEFO, EFAO,
FABO 1a céc hinh thoi bang nhau. B D

- >

) e —

a) Ta thay gid ctia céc vecto: CD, DO, AC, AD,DA, EF, FE, BC,
- .

CB song song ho#c trung vdi gid cua vecto OA, do vAy chin vecto

-
trén cung phuong véi vecto OA.
b) Do cdc tit gidc néi trén 14 nhitng hinh thoi bing nhau nén:

— - — -
|AB| = |FO|=|0C|=|ED| (1)
- =2 2 -

Mat khdc dé thdy ring céc vecto AB, FO, OC, ED la cing

huéng (2).
— -» = -
T (1) va (2) ta ¢6 nhitng vecto bing vects AB 1a FO, OC, ED.

III. BAI TAP TUONG TU VA NANG CAO
Bai 5. Cho hai vects a va b khong cing phuong. C6 hay khéng vecto
cung phuong véi hai vecto avab.

IV. DAP SO VA HUGNG DAN GIAI
Bai 5. Tt a va b khong cung phuong nén ta cé a # , b#0.
Gid st x 1a vecto cing phuong véi ca avab.

N&u x # 0 thi suy ra gié cia vecto a
song song ho#c tring véi gid cla vecto

1

o 4

g, tic 1A céc vecto ;, b cung phuong,
mau thudn véi gid thiét.

Néu x = 0 thi hién nhién x cing
phuong véi ca avab.
Vay c6 duy nhét vecto 0 1a vecto cung

phuong véi cd hai vecto a va i;



§2. TONG VA IIiU CUA AT VECTO

I. TOM TAT LY THUYET

1. Dinh nghia

- - —
Cho hai vectoc a va b. Liy mot > b
s — - — — 4
diém A tuy y, dung AB = a, BC = b.
_)
Vecto AC dugc goi 1a tong cla hai vacto B
a va b. Ta ky hiéu téng cia hai vecto - -
— — - - —> - — a b
avablaa+b.Vay AC=a +b.
2. Quy tdc hinh binh hanh: Néu t& giac i —— C
ABCD la hinh binh hanh thi ta cé: a+b
- - -
AD + AB = AC.
3. Tinh ch&t A 2
Véi ba vecto ;, g, : tuy v ta co: /\/
— -y - - )
e a+b=>b+ a (tinh chat giao hoan); D C
— - - - -
e(a + b)+ c =a +(b + c)l(tinh chat két hop);

— - - —+ —
e a+0=0+a=a.

4. Pinh nghia
Cho vecto ;, ta goi vecto ddi cla vecto a la vecto ¢6 cung df dai
v6i vectd a va ngugc hudng véi a, ki hidu vecto dGi ciaa 13 —a.
Vay a - b = a +(=b).

5. Véi ba diém A, B, C tuy y ta ludn c6:

- — —

AC = AB + BC.

- - -

CB = AB - AC.

Hai quy tdc trén thudng duge goi 1a quy tdc ba diém.

> -
6.1 1A trung diém chGa doan thing AB khi va chi khi IA + IB =

=21

ol

| — - o
8. G 12 trong tAm cua tam gidec ABC khi va chi khi GA + GB + GC =




IL BAI TAP CAN BAN
Bai 1. Cho hai vecto a, b khéc 0 va cing phuong. X4c dinh: a + b

a-b.
Gidi 5
- = a —
* Truong hop 1: a, b cung huéng. — b
Tit diém O tadyng: OA = a; AB = b. i _ -
- - ‘
Khi d6 vecto OB ='a + b. Y .A
% e T - « —- >
Tu diémI'tadyng IM = a, MN =-b. 1

—> -
Khidotacé IN =a - b.
* Truong hop 2: a ; b ngudc huéng

- ?

- -
Tir diém I (bdt ky) ta dung IM = a, MN

—t
Tir diém O (b&t ky) dung:
- - - -~ —+ 2
QA=a, AB=bh. B O A
—> -+ =
Khi d6 vecto OB=a + b. b > >
| M N

—> -
Khi d6 tac6 IM = a.
Bai 2. Cho hinh binh h&nh ABCD va mét diém M tuy y. Chdng minh

_)
réngMA-l»MC MB + MD (1) |
Gidi A 5
Do ddng thfrc (1) nén ta c6:

-

- - —
MA + MC + (-MC - MB)

— — - -
= MB + MD +(——MC MB)

@MA+MC+(MC)+(—MB) D

_MB-I-MD MC MB
- -,
@MA—I\'TB=1\1D—MC<:>BA=CD.
> - '
Vi ABCD la hinh binh hanh nén BA = CD, do vy (1) l1a ding
thic diang.

10



3ai 8. Ching minh rang ddi véi tir gidc ABCD bat ki ta ludn cé:
: — — N — -
a) AB + BC + CD + DA = 0,
— — — -
b) AB - AD = CB - CD.
Giai
—> —> —> —r

_)
a) Ta_cé:_AB + BC + CD + DA =

— - — —
< (AB + BC)+(CD + DA) =

—> ) -
< AC + CA'=
o —
< AA = 0.
Hién nhién ding thitc cudi cung la ding nén ta cé:
<> —> - - o
AB + BC + CD + DA = 0.
> oy R T
b) Ta c6: AB - AD = DB, CB - CD = DB

—

- —

- o
Tu d6 suy ra AB — AD = CB - CD.
3ai 4. Cho tam gidc ABC, bén ngoai tam gidc vé cdc hinh binh hanh

. —> —» —> =¥
AB1J, BCPQ, CARS. Ching minh rédng: RJ + IQ + PS = 0.
Giai
- - '
Vi t@ gidc ABIJ la hinh binh hanh, nén IB=JA, do vay

- -5 =

1Q = 1B + BQ hay IQ = JA + BQ (1)
Vi tit gide BCPQ 12 hinh binh R
J

. - o
hanh, nén PC=QB, do viy

- - =
PS = PC + CS hay

- = - - 'I/
PS=QB + AR (2) (vi AR =CS). \K

- > S

Ta ciing ¢6 RJ = RA + AJ (3) Q P
Tu cdc ding thic (1), (2), (3), ta cé:

— — — — — -

= = —
RJ+1Q + PS = RA + AJ + JA + BQ + QB + AR

—

- — =)
= RA + AA + BB + AR

11



- — — —
AB + BC va AB - BC.

Gidi
- - —
e Tacéo AB + BC = AC
4 —> - . )
= |AB + BC| = |AC| = a. D. = B C
- - — -
e Tacé —-BC = CB (vi BC va CB la hai vecto ddi nhau), nén

- — —> -

- -
AB - BC = AB +(-BC)= AB + CB.

- -

Dung D sao cho B 1a trung diém cia DC, khi d6 hai vecto CB, BD

- —>
cung huéng va cung d¢ dai nén CB = BD, do vay
e —> .4 e

- — - —
AB - BC = AB + BD = AD = |AB - BC| = | AD |.
Mat khac tam gidc DAC c¢6 BA 1a dudng trung tuyén thod méan BA

=BD=BC:¢BA=%DC(V‘1BD=BC)

— Tam gide DAC vudng tai A vac6 AC=a,DC =a+a=2a
Ap dung dinh I Pitago ta ¢6 AD? = DC? - AC* = 3a” > AD = a3

- o
vay | AB - BC| =a3.
Bai 6. Cho hinh binh hanh ABCD c6 tdm O. Ching minh:
- - Sy — - —
a) CO - OB = BA; b) AB - BC = DB,
- — - . > — — -
¢) DA - DB =0D - OC;d) DA - DB + DC = 0.
Gidi
a) Vi ABCD 12 hinh binh hanh nén O 12 trung diém cia BD va AC.

. - —
Bgi vay: OB = DO, A B
- o —
= -0B =-D0O = OD.
- - =, - - )
Dodé6 CO - OB = CO + OD = CD.
D C

12



—>

Mat khdc ABCD 1a hinh binh hanh nén CD = BA

—» - -
= CO - OB = BA.

— - - = > =y
b) Ta ¢c6 AB - BC = AB+(-BC)= AB + CB, lai vi ABCD la hinh

— e
binh hanh nén DA = CB, do vay ta cé:
- — — - ) —»

-3
AB - BC = AB + DA = DA + AB = DB.

=3 = > - - -
¢) Taco DA - DB = BA; OD - OC = CD, vi ABCD la hinh binh
- — — - — —
hanh, nén CD = BA, tir d6 suyra DA - DB = OD - OC.

- o - — — - — -

%
d)Tacé DA - DB + DC=BA-DC =BA + AB=BB = 0.
Bai 7. Cho a, b 1a hai vecto khéc 0, khi nao c6 ding thic:

. - - -
a)la+bl=|al+|b]
b)la+bl=|a-bl
Giai
- - - —+ = — -
a) Dung OA = a; AB = b,khidbé a + b = OB a -
—_—2 b
- - - S A
=>la+b|=|0B| 0 A B
- - - -
Tac6|a+b|=|a|+'b|
< OB =0A+AB < a va b = cing huéng.
—» - = - —» -
b) Tir di€m O ta dyng OA=a, AB=b AC=-b,khidé ©
- - - 4 - - =3 O
a +b=0A+AB = OB; a-b/ .| _\a+b
- - ~» -+ —% — - a
a—-b=a+-b)=0A+AC =0C
Vila+b|=|a-i;|nénOB.—.OC. C‘bAE B

Chid y rang B, A, C thing hang nén OBC la tam gidc cdn v6i OA
1a trung tuyén suy ra OA 13 dudng cao hay OA L AB

< a L b (Cha y ring trudng hop a, b cing phuong khong thé
xdy ra v6i dang thic trén).

13



Bai 8.2) Cho | a + b| = 0. So sénh d9 dai, phuong va huéng ciia hai

vectg a, b.
-+ - =3 —
b)ChUngnnnhréngneu s bmcthiame—h.
Gidi

—

a)Déthiy x =0« x=0,dodé |a+b|=0c2a +b =

—

Suy ra a va b la hai vects d§i nhau, tic 1a la|=|b| va a, b

ngugc hudng.

= - - — — -
b)Tacéa+b cnéna+b+-b)=c +(-b)
-~ a+(b-b)-:—bc>a=c—b.

—}
Bai 9. Chitng minh ring AB CD khi va chi khi trung diém cta hai
doan thdng AD va BC trung nhau.
Gigi

e
Goill&tmngdiémcﬁaAD khidé IA + ID = O
-+ =3 = -

Ta cé: AB CD¢:>IB JA=ID-IC

- = -
= IB+IC ID+IA

- 2 -
< IB+IC=0

& 11a trung diém cta BC.

- 2 S5 S5 -5

Bai 10. Cho ba luc F, =MA, F,=MB, F, = MC cing téc dﬁng vao mjt
vit tai diém M va vat ding yén. Cho biét cudng dj cia F‘l, F2 déu 1a

. —
100N. Tim cudng 49 va huéng cda luc F; .
| Gidi
—> - -
Do ba luc F;, F,, F; cung tdc dfng vao vat ma vat ding yén nén

tdng hop luc phdi biing vecto khong tuc la:

- = =
F,+F,+F;=0

—

— -
= MA + MB + MC = 0 (*).

14



Dung hinh binh hanh AMBD, ta c6:

—r =) -
(Yo MD+MC=0

< M la trung diém cia DC nhu vay huéng
— ,
cua luc F, nguge vdi hudng clia tong hop

- - ‘ —
luc F; +F,. Ta tinh cudng do cua luc F,
ta co:

- —>

|F, | = |MD| = 2MI

v C
- 2l@£ = 1003 (N).

ML BAI TAP TUONG TU VA NANG CAO
3ai 11. Cho bon diém A, B, C, D bat ki, ching minh réng:

AD + CD = AD + CB.
DAP SO VA HUGNG DAN GIAI

e

' - - - ,
3ai 11. Ta cé AB+CD=OB—OA+OD—OC (vi O 1a diém bat ki)

—> =

OB OC+OD OA = CB+AD

§3. PIIEP NIHAN MOT SO
VOI MOT VECTO

[. TOM TAT LY THUYET

1. Pinh nghia

Cho s& k # 0 va vects a « 0. Tich ctia s6 k véi vecto a 1a mot

vecto, ki hiéu la ka, cung hudng vai a khi k > 0, nguge hudng

v6i a khi k < 0 va co dl¢ dai bing k! a

Quy uaoc: 0.a=10.%k0=0.




2. Tinh chét

—

Vé6i moi vectd a, b va moi s8 thuc k, h, ta cé:

!

1

ki(a + b)=ka +kb;
(h+k) a =ha +ka;
h(ka)=(hk)a;

-+

1. a= ;;(-1); =-a.

8. - Néu I 12 trung diém cta doan théng AB thi v6i moi diém M ta c6:
- — - : '
MA + MB =2MI.

— Néu G 12 trong tAm ctia tam gidc ABC thi véi moi diém M ta c6:

- < - -
MA + MB + MC =3MG.

4. Dinh Ii
Diéu kién cdn va di dé a vi b # 0 cing phuong v6i nhau 1a ¢
mot s8 k dé a =kb.

5. Cho hai vecto ;, b khong cung phuong, khi dé vdi moi vecto 3
ddu phén tich duge mét cdch duy nhdt theo hai vectd a va b
nghia 12 ¢é duy nhit cdp s8 h, k sao cho: x =ha +kb.

II. BAI TAP CAN BAN
Bai 1. Cho hinh binh hanh ABCD. Ching minh réng:
— - — —
AB + AC + AD = 2AC.
Gidi
—» - - - - - _
Tac6: AB + AC + AD =(AB + AD) + AC (1).
Theo quy tdc hinh binh hanh ta c6: A E
- = -
AD + AB = AC (2).
T (1) va (2) ta cé:
— - ~3 — -
AB + AC + AD = AC + AC D C

— - - -

< AB + AC + AD =2AC.

16



Bai 2. Cho AK va BM 12 hai trung tuyén cda tam glac ABC. Hay phan tich

- - -

cac vecto AB, BC, CA theo hai vecto u = AK v = BM

Giai
Do tinh chat trung diém nén tir gia thiét ta cé:

[ — — — A
2AK = AB + AC

— - -
(2BM = BA + BC

—> —
AB-CA=2u (1)

< < -

-AB + BC=2v (2)

— — — — —
Mait khéc, ta ¢6: AB + BC + CA = AC+CA
_)

- =y _
< AB+BC+CA=0 (3)
T (1) va (2) ta cé:

1

—F — - -2 - —+
(AB - CA)+(-AB + BC)=2u +2v
-

- - o 5 4
< AB-CA -AB +BC =2u +2v

- - - - ‘
< - —-CA + BC =2u +2v (4)
Tir (2) va (3) ta c6:

e — - - = 4 -

-AB + BC + AB+ BC +CA =2v

- - - v
& 2BC + CA =2v (5)
Tu (4) va (5) suy ra:

- e 4 — - - - -

-AB + BC +2BC + CA =2u +2v +2v

—> - = - 2= 4-
< 3BC =2u +4vc::rBC=-§u+§v (6)

Tu (5) va (6) ta c6:
- - —> — — 3 -
%u+—g—v+CA =2v = CA = —%u*—%" (7)

Tu (7) va (1), ta c6 duge:

—> = - B K

7
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A—])3+:;-:+§; =-2:<:>:B=§;-§:
Két luén: :B = %: - -g;,
3t S0,
CA = ~Ju-2v
Bai 3. Trén duﬂng-.thﬁng chia canh BC ciia tam gidc ABC ldy mét

- - —»

diém M sao cho MB = 3MC. Hay phén tich vects AM theo hai
O -
vectd u = AB va v = AC. _
Gidi A

- - —
Ta c6: AM = AC + CM (1)

—> 3
Vi CM cung huéng véi BC, hon nifa

- — B M
|BC | =2/ CcM |, nén C
— 1> 1, = = &
CM = = BC = =(AC - AB) (2)
2 2
Tt (1) va (2) ta c6:
— — 1.2 2 — g = 12
AM:AC+"2—(AC—AB)¢$AM=—2-AC—§AB.
=p» — -
Vay AM =23 - 13,
2 2

Bai 4. Goi AM 1a trung tuyén cta tam gide ABC va D 1a trung diém ciia
AM. Chitng minh ring:

— - —» %
a)2DA + DB + DC = 0;

= - - -
.b)20A + OB + OC =40D, véi O 1a diém tuy y.

S I
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Giai

- -

a) Ta c6 DA cung huéng vé6i MA , hon nia 2DA = MA.
— —»

Tu d6 suy ra MA = 2DA (1)

Mit khée, do M 1a trung diém cia
doan BC nén ta cé:

> - -

DB + DC = 2DM

- —
Vi DM cung huéng véi AM va AM = 2DM

— - - =) = -
nén DB + DC = 2DM trg thanh AM = DB + DC

(2)
Tu (1) va (2) ta cé:
— - —» — - - 5
2DB + DB + DC = MA+AM = MM = 0.
- - -
b) Tacé: OA = OD + DA;
- - - - - - '
OB = OD + DB; OC = OD + DC nén:
- - - - —» - - -
20A + OB + OC =2(0D + DA) + DB + OD + DC
- - = - — — -

=20D +2DA + OD + DB + OD + DC

- -3 - - -
_=4OD +2DA + DB + DC =40D
—~ — —

(vi 2DA + DB + DC = 0 § cAu a).

bai 5. Goi M, N ldn lugt 1a trung diém cia cdc canh AB va CD cua ti

: e
gidc ABCD. Ching minh rang: 2MN = AC + BD = BC + AD.

Giai
- - e e
Tacé6 AC + BD = OC - 0OA + OD - OB
e — -

OC-0B+0D-0A = BC + AD.
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_ - - -
Ta chi cdn ching minh cho 2MN = AC + BD.

That vay, ta c6: D
- — — - A
MN = MA + AC + CN
— - - =
MN = MB + BD + DN B
Ti hai ddng thice nay suy ra:
- - > > = > -
2MN = MA + AC + CN + ME + BD + DN
- - — - — - - -

< 2MN = AC + BD +(MA + MB)+(CN + DN) (1)

— —

Vi M 12 trung diém cia AB nén MA + MB = 0 (2)
Vi N 12 trung diém ciia CD nén '
- - - — - — ™
DN +CN=-NC—ND=-(NC+ND)=0 (3)
Tir (2) va (3) suy ra d&ng thic (1) tré thanh:
- - - -
2MN = AC+BD + 0 + 0
- - —

Hay 2MN = AC + BD.
Bai 6. Cho hai diém phén biét A va B. Tim diém K sao cho:

'—> '—)_'-

3KA +2KB=0.
Gidi
Tu gid thiét ta c6:

- — - 9 =
3KA =-2KB < KA=—'§KB

Véy diém K chia doan AB theo ti 58 —g. Rd hon, néu ta chia doa
thdng AB thanh nam phén bing nhau thi diém K ndm gidta A va |

sao cho KA bing hai phén, KB bing ba phéan.

— -

-.-) -3
Bai 7. Cho tam gidc ABC. Tim diém M sao cho MA + MB +2MC = 0
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Giai

Goi I 1a trung diém cua BA. Khi d6 ta c6 ding thue:

- 3 ¢ =D A

MA + MB =2MI.

—> —> —> " I
Do d6: MA + MB +2MC = 0

—r 4 -3
= 2MI +2MC = 0 B C

- ~ 5 T T

< 2(MI + MC)= 0 ¢ MI + MC = 0

< M la trung diém cia CI.

Bai 8. Cho luc gide ABCDEF. Goi M, N, P, Q, R, S lan lugt 13 trung
diém cia cdac canh AB, BC, CD, DE, EF, FA. Chiing minh ring hai
tam gidc MPR va NQS c¢é ciung trong tam.

Giai

Goi G 1a trong tdm ctia tam gidac MPR. Khi dé ta ¢6 ddng thidc vecto:
= =

GM+GP+GR=0 (1)

Pé ching minh cho hai tam gide MPR va NQS cé6 cung trong tam, ta
sé ching minh cho G ciing 1a trong tAm cla tam gide NQS, diéu nay
tuong duong déng thie:

e . A M B '
GA + GQ +.GS = 0 S/ /N NN
That vay, ta cé: C
- o S ¥
GM = GN.+ NM;
S5 = = = = 5 R
GP=0Q +QP; GR = GS + SR q D
Ta suy ra: (1) &
- - = . N
< GN+NM+GQ+QP+GS+SQ=0
- =¥ =3 e ™ T
< (GN+GQ+GS)+(NM+QP+SR)=0.
—% - — - - - =) - =

Mat khdc: NM = NB + BM; QP =QD + DP; SR = SF + FR

<1



— - 5 S - e e
Suy ra: NM +QP + SR =NB + BM + QD + DP + SF + FR (3)
ViM, N, P, Q R, S lidn lugt 1a trung diém cda AB, BC, CD, EF, FA

—>1-—>->1—>—>—>

nén ta cé: NB=—CB; BM = — BA QD-—ED

> 12 o 12
DP = —DC SF——AF FR=—EF

2
Do d6 (3) tré thanh:
- - - 12 12 12 12 12 12
NM+QP+SR-—2-CB+2BA+2ED -2—DC+§AF+§FE

i G
-—2—CB+BA+ED+DC+AF + FE

( \

- -

1 —
= —|CA + EC + AF
2\
1(2 >) 12
="-2- CA+AE+EC =-§-CC=O
\ - y
. = =% > =
Viy NM+QP +GS =0 (4)

—

- - -
Tir (2) va (4) ta duge GN + GQ +GS = 0.

Bai 9. Cho tam gidc déu ABC véi O la trong tdm va M 12 diém tuy y
trong tam gidc. Goi D, E, F 14n lugt 12 chén cdc dudng vudng géc ha
tir M dén BC, AC, AB. Chitng minh:

R e -

MD+ME+MF=-3—MO

Gidi
Qua M dung dudng thing song song Az
vGi AB cdt AC tai A, cdt BC tai B,.

Qua M dung dudng thdng song song
v@i BC cdt AB tai B,, cdt AC tai C,. C
Qua M dung dudng thing song song

véi AC cit BC tai C,, cit AB tai A,. B B;D C, c
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Do tam gidc ABC la tam gidc déu nén dé dang ching minh dugc céc
tam gidc MB,C;, MC,A;, MA,B, ciing 13 tam gide déu. Tir day ta suy
ra F, D, E lan lugt 1a trung diém cha cac doan A;B,, B,C,,
C,A; hay ta c6 céc ddng thic vecta sau:
N - =5 =" - —5 5 2 -
2MD = MB, + MC, ; 2ME = MC, + MA, ; 2MF = MA, +'MB,
- 5 o
Suy ra: 2(MD + ME + MF)
l > - - — s —
= MB, + MC, + MC, + MA, + MA, + MB,.
3 B —

Hay 2(MD + ME + MF)

R — — - —
= (MB, + MB, ) + (MA, + MA, ) + (MC, + MC,) (1)
Do cdch dung hinh nén ba ti gidc MB,BB,, MC,CC,, MA,AA, déu la

nhitng hinh binh hanh, vi vdy theo quy tic hinh binh hanh ta c6 céc
déng thic vecto sau:

- - - - - - o - -
MB1+MB2 =MB; MA1+MA2 =MA.;MCI+M02 =MC

Khi d6 (1) tré thanh:

s 5 o - - -

2(MD + ME + MF) = MA + MB + MC  (2) |
Lai vi O 12 trong tdm cla tam gidc ABC nén ta ¢6 ding thic;

- —» — - ' ‘

MA + MB'+ MC = 3MO (3)

T (2) va (3) ta suy ra:

- o

=5 o h oy -~ - =
2(MD + ME + MF) = 3MO & MD + ME + MF = =MO.

po| o

II. BAI TAP TUONG TU VA NANG CAO

3ai 10. Cho G 1a trong tdm cia tam gidc ABC. Trén canh AB ldy hai
diém M, N sao cho AM = MN = NB.

a) Ching minh r&ng G ciing 14 trong tAm tam gidc MNC.
=y - — -+
b) D4 GA=a, GB=b. Hay biéu thi cdc vecto sau diy qua

- 5 o5 -

a, b: GC, AC, GM, CN.
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Bai 11* Cho tam gidc ABC, goi O, G, H theo thtt tu 1a tdm dudng tr
ngoai tiép, trong tdm, truc tdm cua tam gidc ABC va I la té
dudng tron di qua cdc trung diém cta ba canh. Ching minh:

- =2 = - -
a) OA + OB + OC = OH = 30G;

e e T - -

b) HA + HB + HC= 2HO = 3HG.

Bai 12, Cho tua gidc ABCD trén cdc canh AB va CD 14n lugt 14y ¢

- -
diém M, NsaochoAM kAB, DN = kDC(katl)

- - -
a) Hay phan tich vectc MN theo AD va BC.

b) Goi P, Q, I ldn lugt 1a céc diém thuge AD, BC, MN sao c

- - - > -
AP = [AD, BQ =[!BC, MI _IMN Chiing minh ba diém P, Q
t.héng hang.

Bai 13*. Cho tam gidc ABC, goi H la truc tdm, I 1a tdm dudng tron n
tiép, ching minh:

— — —>

a) a.IA +b.IB+c.IB=0

— — — —
b) tanA.HA + tanB.HB + tanC.HC = 0.
IV. DAP SO VA HUONG DAN GIAI

Bai 12.

i =

- -
a) GA+GB+GC=GM +GN + GC

-

—> =+ -
AC=2a-b
—> -+ 1—)
GM=—a+—=b.
3
= 4 B
CN=—a+—=b.
32%3
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ai 11.
a) Goi A’ 1a diém d6i xung v6i A qua O, D la trung diém BC. Ta ¢6 t
gidc BHCA' 1a hinh binh hanh.
Vay A’, D, H thing hang.

- -
Ta c6: OB + OC =20D.

- -
Mzt khéc: OD 13 dudng trung binh ciia AA’AH nén OD = %AH
> =5 =
Suy ra: OB + OC = AH
' —> —» - —
o OB + OC = OH - OA
3 =» = =D
= OA + OB + OC = OH (1)

Ta lai c6:

e = T S

e - -
OA +OB+0C=0G +GA +0G +0B + 0OG + GC

- 5 = = = = =
= OA+0OB+0C=30G+(GA+GB+GO0

- = —

_.)
< OA+O0OB+0C-=30G (2)

—5

— - -
(Vi G la trong tdm AABC < GA+GB+GC=0)
Tu (1) va (2) ta cé:

— —

I ="
OA + OB + OC = OH = 30G.

- —> — - = - > —>

—s
b) Ta ¢6: HA + HB + HC = HG + GA + HG + GB + HG + GC

—> e 4 - —> —> —» - —
= HA +HB + HC=3HG (vi GA+GB+GC=10) (3)
b 4 - — - —» -
Mit khac: 3HG = 3(HO + OG) = 3HO + OH = 2HO (4)
- o —» —> -
Tu (3) va (4): HA + HB + HC = 3HG = 2HO.

3ai 12. a)
- - —
MN =(1-k)AD + kBC.
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b) Theo céu 'a)

— - - . = —
+Pl=(1-I1)AM +IDN =(1-0kAB +kDC
- -
=k[(1 - ) AB +(DC] (1)

: - : —» S

+ Twong ty ta c6: 1Q = (1- K1 -1) AB +/DC] (2
k

1-k

- -
Ti (1) va (2) tasuy ra Pl= 1Q
Suy ra P, I, Q thdng hang.
Bai 18.
a) Ta dung hinh binh hanh IA'CB/, ta c6:

e e

IC=1IB"+IA' =alB + BIA.

- —> q
Vi IB’' cung phuong ngugc chiéu IB nén

' T Wy - S
Suy ra: alA+bIB +cIC=0.

b) (Xét AABC nhon, cdn néu AABC td ban doc tu ching minh)
~ Dyng hinh binh hanh HA'CB’ ta c6:

5> o - > -
HC ='IA'?I-HB'=kHA +(HB.
- -

Do HA va HA' ngugc huéng
I = _HA' _ B,C_ BBycotC

HA B,A BB, cotA
= - fand
. tanC’
Tuong tu: [ = B
tanC
Nen HC = -ta0A g, _ tanByy
tanC tanC

; - — -3 -
< tan A.HA + tanB.HB + tanC.HC = 0
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§4. HE TRUC TOA DO
I. TOM TAT LY THUYET

1. Tfuc toa do
a) Truc toa do (hay goi tdt la truc) 1a mot duong théng, trén d6 da

xdc dinh diém O la diém gdc va mot vecto don vi e .

Ki higu truc 1a (O; e ).
~b) M la mot diém"tuy y trén truc. Khi d6 ton tai duy nhat s6 k € R
-2 == :
OM =ke . Ta goi so k 1a toa do cia M doi véi truc da cho.

¢) Cho hai diém A va B trén truc (O; e) khi d6 ¢6 duy nhat mot s
—> - —>
thuc a sao cho AB = ke. Ta goi a la do dai dai sé cia AB d6i
véi hé truc da cho va ki hiéu: a = AB.
2. Hé truc

a) Hé truc toa do (O; e-; . e_; ) gom hai truc toa dd (O; t;; ) va (O; 8-;)
vudng géc véi nhau. Piém O chung cda hai truc duge goi 1a gde

toa dd. Truc (O; é: ) duge goi 1a truc hoanh va ki hiéu la Ox, truc |

(O: &) goi 1a truc tung'va ki hidu 1a Oy. Hé truc (O; e, , e,) ¢on |

duge ki hiéu 1a Oxy. g
. ) A

—')‘L—)

€ | &

r

0 0 %

b) Trong mit phéng toa dj Oxy cho o tuy y. V6i mdi u thi tén tai

duy nh&t mét cip s6 thuc (u;; ug) sao cho U = ure, +uze,.

Ta goi c&p s6 (u;; up) la toa dj caa : dé1 véi hé truc Qxy va viét

1a ; = (uy; ug) hosc E(ul; Uus).

ar -



c) Néu :(ul; usp), ;(v1; vs) thi

+ u =v &

i = Vg
— —
+u + v =+ vy u+va)
-5 ->
+u - v =(u —vyu - vy)

+ k: = (kuy; kus) k € R.
d) Trong mat phéng toa do Oxy, toa do cia diém M bat ki 1a toa do

_-’
cda O—I:d, nhu vy néu OM = (x; y), ta néi diém M cé toa df
(x; y) va viét M(x; y) hoic M = (x; y).
Trong mit phidng toa d6 Oxy néu A(xa; ya), B(xs; ys), khi dé:

—>
+ AB = (Xp — Xa; ¥B — ¥a)

. = Xa *tXg
L=
+ Toa dp trung diém I(x;; y) cia AB: 2
Ya t ¥s
J1= "‘""E'_

: -
+AB =| AB| = (xg - x,)? + (yg - ya)?

Cho AABC véi A(xa; ya), B(xs; ys), Clxc; yc). Khi d6 G(xg; yc) la
trong tdm cua tam gidc ABC thi:

X, + Xpg + X¢
Xg = A 33

_Yat¥s +Yc
3

II. BAI TAP CAN BAN
Bai 1. Trong m#t phdng toa d§ Oxy, cic ménh dé sau ding hay sai?

Yo

a) a (~3;0) va e_.n; nguoc huéng;
b) Hai vecto a (3; 4) va E(_3; - 4) 12 hai vecto di nhau;

¢) Hai vecto ;(5; 3) va ;(3; 5) l1a hai vecto déi nhau;

d) Hai vecto béng nhau khi va chi khi ching ¢6 hoanh dj béng nha
va tung dé bing nhau.
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Giai
a) Ta cé a = —35; (vi (;;(1; 0)) nén hai vecto a (-3; 1) va e_: ngugc
hudng.
Vay khéng dinh (a) 1a ding.
b) V6i a (3; 4) va b(-3; —4) thi

—

a =-b vay hai vecto a va b ddi nhau.
Nén dép an (b) la ding.
¢) V6i a (5; 3) thi vecto ddi cia cia a la —a= (-5 -3) do d6 b(5; 3)
khéng 1a vecto ddi ctia a . Khing dinh (c) 12 sai,
d) Khi hai vecto ¢6 hoanh dé bang nhau va tung do bang nhau thi ching
bang nhau la dung, vay khing dinh (d) 1a khing dinh dang.
Tom lai:
Céc khing dinh ding 12 (a), (b) va (d).
Khing dinh sai l1a (c).

Bai 2. Tim toa d9 cua cdc vecto sau:

a);=2o;:; b)g=—3e:;
¢) ¢ =3e, -dey; d) d =032e + 1de,.
Giai
a) a =2(;;
a =2c +0.6; viya (Z0)
b) b =-3e,
b =0e, - 3a, vy b(0; -3)
¢) ¢ =8¢ -4e,,  viy c (3;-4)

d) d =02e +1lde,, viyd =(02; 14)
Bai 3. Cdc khdng dinh sau day ding hay sai?

_}
a) Toa dd cia diém A 1a toa do cia OA ;
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b) Piém A nim trén truc hoanh thi tung dé bang 0;
¢) Piém A nim trén truc tung thi c6 hoanh dé bang 0;

d) Hoanh d6 va tung do cia A biang nhau khi va chi khi A nidm tré
dudng phan gidc cha géc phan tu tht nhat va tha ba.

Gidi
a) Theo dinh nghia thi khang dinh (a) ding.
- 5
b) A nim trén truc hoanh thi OA va e, cung phuong nén:

- " -
OA =ke, +0.¢e;,
Suy ra A(k; 0), vy khéng dinh (b) ding.
c¢) Tuong tur cdu (b). Piém A nim trén truc tung thi 6;&: 0;; + le
hay A(0; 7). Vay khdng dinh (c) 1a dung.
d) A n&m trén phén gidc cla géec phan tu thd nhat va thd ba khi
chi khi:
- 2 |
OA =k(e, + &) = (ky; ky).
Vay khéng dinh (d) 12 ding.
Tém lai: tdt cd cdc khdng dinh & bai tap nay déu ding.
Bai 4. Trong mat phing toa d3 Oxy cho diém M.
~ a) Tim toa-dd cha diém A d6i ximg véi M qua Ox;
~b) Tim toa d¢ tia diém B d8i xing véi M qua Oy;
¢) Tim toa 46 ciia diém C d6i xing v6i M qua O.
Gidi
Trong mit phéng toa do Oxy, goi M(xm; yu)
a) O_I;I = x.m;; + yue_; . A @61 xdng véi M qua Ox 1;hi:

- - -
OA = xme; - yme, nén A(xXy; -ym)

b) Tuong tur cau (a).

- - -
OB = —-xye, + Yue, nén B(-xy; ym).
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¢) C déi xing v6i M qua O.

—r —> -+ -
OC = -OM = -xme; - yme, nén Cl-xy; -ym).

3ai 5. Cho hinh binh hanh ABCD véi A(-1; -2), B(3; 2) va C(4; -1). Tim
toa dd diém D.

Gidi
Gia st D(xq; yo)

— -
Tua gide ABCD 1a hinh binh hanh khi va ¢hi khi: AB = DC

=5 {XB—¥A=XC—XD - {4=4—XD : = {XD=0-
Y8 ~¥a =Yc —Yp 4=-1-yp yp =-5
Vay D(0; -5)

3ai 6. Céc diém A'(—4; 1), B(2; 4) va C'(2; -2) 14n lugt 1a trung diém céc
canh BC, CA, va AB cua tam gidc ABC. Tinh toa d9 cdc dinh cua
tam gidc nay. Chiing minh ring trong tdm tam gidc ABC va A'B'C’
trung nhau.
Huéng dén gidi
Goi A(xa; ya), B(xg; ys) va Clxc; yc)
Theo gia thiét:

2Xp = X4 + X X, +Xo =4 x, =8
2x, = Xg + Xc 1= Xg +Xc=-8 © xp =4
2Xor = Xg + X, Xg + X, =4 Xc =—4
ya=1
Tuo‘ngtu’: yB=—5
Ye =1

Vay A(8; 1), B(-4; -5) va C(—4; 7) .
Tir k&t qua vira tinh duge & trén va theo gid thiét.

=0
3 3
Ia*¥ptV¥ec _YatVpt¥e .
3 _ 3

Nén hai tam gisc ABC wa A'B'C’ ¢6 chung trong tam G(0; 1).
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Bai 7. Cho a=(2; 3), b = (1; 4) hay phan tich vects c (5; 0) theo hai

- . =P
vecto a va b

Gidi
Gia su :=x;+yg ' (1)
Theo gia thiét: ¢ =(5;0) - (2)
a = (2;3) = xa = (2x; 3x) (3)
b =(1;4)=yb = (y; 4y) ()

Tir (3) va (4) ta cé: xa +yb = (2x +y; 3x +4y)  (5)
Tu (1), (2), (5) ta cé:
{5:2){ +y (6)
0=3x+4y (7)
Te(l):y=5-2x (8)
Thé (8) vao (7): 3x +4(6 -2x)=0=3x +20-8x =0 = 5x = 20
= x=4 9)
Thé vao(8)tacé:y=5-24 =y =-3.

Vay: ::4;-33.

III. BAI TAP TUONG TU VA NANG CAO
Bai 8. Cho hai diém phén biét A(xs; ya) va B(xg; ys), ta néi M chia doan

- -
thang B theo ty s6-k néu MA =kMB (k# 1), ching minh ring:
X, — kx
L
ya — kys
1-k
Bai 9*. Cho 4 diém A, B, C, D trén truc. Ching minh ring:
a) AD + BC = AC + BD. Tinh hai tdng d6 theo IJ (trong d6 I, J l4n
lugt 1a trung diém cta AB, CD);
b) AB.CD + AC.DB + AD.BC = 0;

c) AB.CD + AC%.DB + AD?.BC + CD.DB.BC =0.

Yu =
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3ai 10* Cho 3 diém A(0; -4), B(-5; 6), C(3; 2)
a) Ching minh ring 3 diém A, B, C khong thing hang;

b) Tinh chu vi tam gidac ABC;
c¢) X4c dinh toa do chan dubng phan gidc trong cua tam gide ABC ha tu

A.
V. DAP SO VA HUGONG DAN GIAI
3ai 8. Theo gia thidt:
_)
MA = (Xa — XM; Ya — YM);

—3
MB = (X — Xm; ¥B — Ym);
—> o 4 - =k - X
Viy MA =kMB o |7 =k(xa-xu)
Ya - Yu =k(¥s - ¥n)
%y, = 2o KX
- {xa—kxa=xM(1"'k) M= 1‘—k
Ya - kyg =ym(1-k) yy = Yo=KV
="

3ai 9%.a) Tacé AD — AC = BD - BC = CD
= AD + BC = AC + BD.

Mit khéc ta lai c6:
AD + BC = (ﬁ+1‘.f+:1’f5]+(§’1+‘1‘j+36)

=(ﬁ+ﬁ) + (35+35) +21J =213
Viy AD + BC = AC + BD =20J
b) Goi toa 49 cla 4 difm A, B, C, D ldn luot ld a, b, ¢, d
AB.CD=(b-a)(d-c)=hd - be - ad - ac
Tacé {AC.DB=(c-a)(b-d)=cb-cd-ab-ad
AD.BC=(d -a)(c-d)=dc-db-ac-ab

Cing v& v6i v& cdc ding thic trén, ta duge (dpem)
- — -
3ai 10*% a) Ta c6 AB = (-5; 10); AC = (3; 6), BC = (8; -4).

- 5
Gi s A, B, C thdng hang thi AB cung phuong AC (cung gid).

—3 — — -
Suy ra 3k € R sao cho AB = k. AC (vi AC # 0)



5

53 (vé nghiém)

k-‘-g

Véy khang ton tai k nén ba diém A, B, C khong thdng hang.
b) Chu vi cia tam gidc la:
Cassc = (V125 + 78 + VBO) (dvd)

| ¢) Goi I 12 chan dudng phén gidc trong cia A ABC xuidt phét tu A
’125 {125
-5+3 ﬁ ‘ 6-2 ﬁ
[125 ° 125 |
1+ 3 1+ 3
ON TAP CHIUONG 1

L. TOM TAT LY THUYET
1. Vecto 1a mot doan thing dinh huéng.

{—5:31: k =

10 = 6k

2. Hai vects a va b duge goi 1a bang nhau néu ching cung huéng v:
¢6 cing 40 dai, ki hiéu a = b.
- — —> s
8. Cho hai vectoc a va b. Ldy mdt diém A tuy y, vé AB = a vi
—> - —> - =
BC = b. Vecto AC duge goi 1a tdng cla hai vecto a va b, ki hié
S - -
AC =a + b.
4. Quy tdc ba diém: V6i ba diém tdy ¥y M, N, P ta ludn c6:
‘=) > o
MN + NP = MP
8. Quy tdc hinh binh hanh:
) - — —
Néu ABCD la hinh binh hanh thi AB + AD = AC.
8. Cho hai vects a va b. Ta goi hiéu cia hai vecto a va b li
a +(-b) ki hiéu a - b
Viy ; - i:; = ; +(—E).
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7. Quy tdc ba diém (d6i véi phép trir)
o - -
V6i ba diém O, A, B tuy ¥ ta c6: AB = OB - OA.

8. Cho s6 k » 0 va vecto a = 0. Tich cha s6 k vdi vecto a la mot

10-

11.

12.

18.

14.

15.

vecto, ki hidu 12 ka , cung huéng véi a néu k > 0, nguoe hubng véi
a nduk < 0 va c6 d6 dai bang |k |a |.

Ta quy u6c 0.2 = 0;k.0 = 0
9. Piém I 1a trung di€m cia doan thing AB

—

B+IB=0

+ = o

= BN = s (M tuy y)
| MA + MB = 2MI

Piém G la trong tdm cia AABC
(GA +GB +GC=0

+GB + GC = w
& N N (M tuy ¥)

— —
| MA + MB + MC = 3MG

Diéu kién cdn va dd dé hai vecto a va b (b = a)cﬂng phuong la
c6 mot s6 k dé a =kb.

Cho hai vecto a va b khong cung phuong. Khi dé moi vectd x
déu phéan tich duge mot cdch duy nhdt theo hai vecto a va E

nghia 1a c¢6 duy nhat céip so h, k sao cho x =ha +kb.
Truc toa db (hay goi tdt 1a truc) 1a mot dudng thdng trén d6 da

xéc dinh mot diém 0 goi 12 diém gdc va mot vects don vi e. Ki
hiéu truc 12 (0; e )
Cho hai diém A va B trén truc (0; e:). Khi dé c6 duy nhat sé a sao

- - -2
cho AB = a.e. Ta goi so a d6 1a do dai dai s¢ cia vecto AB dai
v6i truc da cho va ki hiéua = AB.

Hé truc toa 49 (0; c;; ’ e:;) giom hai truc (0; (;;] va (0; e_;) vudng
géc véi nhau. Piém goc O chung cia hai truc goi 1a gdc toa do.
Truc (0; e, ) duge goi 1a truc hoanh, ki hiéu 1a Ox, true (0; ey)
duge goi 1a truc tung va ki hiéu la Oy. Hé truc toa dd (0; e;; g e:)
con ki hiéu 1a Oxy.
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17

19
20

21

22

16.

18.

Trong mit phdng Oxy cho mdt vecto u tuy y. Khi d6 c6 duy nhat
mot cap sb (u;; uz) sao cho W = un;; + uze_;. Ta goi cip s8 (u;; uy)
dé 1a toa dd cua vecto u déi véi hé toa do Oxy va vigt u = (uy; ug)

hodc = (uy; ug).

a) L; = (up; ug) & : = ult;; + Uze,
b) Néu 0= (uy; ug); t-;'(u’l; ug) thi
P {
Uy = uj
Trong mat phing toa dp Oxy cho mdt diém M tuy y. Toa dd cua
vecto' OM d6i véi he-truc Oxy duge goi 12 toa do cia diém M, N&u

—

OM = (x; y) thi ta néi diém M c6 toa dd (x; y) va viet M = (x; y) hoaic
M(x; y). S8 x goi 1a hoanh d9, s§ y goi 12 tung 49 cla diém M.

—
N&u A(xa; ya) va B(xg; ys). Ta cé: AB = (Xp - Xa; ¥8 — Ya)-
Cho u = (uy; w); v = (vy; vo). Khi dé:

- -+

u + v =(uy + vy ug + va)
— -
u - v =(u - v uz - va)
5

ku =(ku;; kuz) k e R

Cho doan thing AB c6 A(xa; ya); B(xg; ys). Toa do trung diém
I(x;; y1) ciia doan théng AB duge tinh theo cong thic:

Xy + X

xl=_AT_li
+

y!=YA2.YB

Cho tam gidc ABC ¢6 A(xa; ya); B (xg; y); C (x¢; yo). Khi d6 toa df
trong tdm G (xg; yo) clia tam gidc ABC dugc tinh theo cong thie:

XA + Xg + Xg

_Ya t¥Ys t¥c
g = 3
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[I. BAI TAP CAN BAN

Bai 1. Cho luc gidc déu ABCDEF c6 tam O. Hay chi ra cdc vecto bang
i
AB c6 diém dau va diém cudi 1a 0 hoac cac dinh cia luc gidc.

Gidi
Theo tinh chat cia luc gidce déu thi: A
- > — - F B

FO; OC; ED cung huéng AB
- — - -
|FO| = |OC| = |[ED| = |AB]|

- o

-
Vay cde vecto FO; OC; ED thoda man
yéu cau bai todn.

Bai 2. Cho hai vecto a va b déu khac 0, cdc khing dinh sau diy ding
hay sai.

a) Hai vectu cung huéng thi cung phuong;

b) Hai vecto b vakb cung phuong;

¢) Hai vecto a va (-2) ; cung huéng;

e) Hai vecto ngugc huéng vdi vecto thi ba khéac 0 thi cung phuong.
Giai

a) Pdp 4n (a) 12 ding vi hai vecto cing phuong thi méi xét quan hé

vé huéng.
b) P4p 4n (b) ding vi theo dinh nghia phép nhan vecto véi mét s8 thi

b va kb cung phuong.

¢) Khing dinh (c) 12 sai vi (-2) a nguge huong véi a.

d) Khdng dinh (d) ding vi hai vecto nguge hudng véi vecto thd ba
khic 0 thi ching cing huéng véi nhau nén ching cing phuong.
Tém lai: C4c khing dinh (a), (b) va (d) ding, khing dinh (c) sai.

_ - r — —
Bai 3. Tt gidc ABCD la hinh gi? Néu AB = DC va | AB| = | BC |
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Giai

-5 =i B
AB = DC = T gidc ABCD 13 hinh binh hanh
: — —
Mzt khac | AB| = | BC|.
Vay tit gide ABCD 1a hish thoi. A C
Bai 4. Ching minh rdng |a + b| < |a| + |b]| D
Gidi
=) - = -
Lay diém A bat ky, dung AB = a, BC = b

Khi nay:
— -+ —> —> —»
|a+b|=|AB+BC|=|AC|=AC,

— - — 4 —>
lal +Ib|=[AB| + |BC| =AB+BC.
Vé6i ba diém A, B, C bat ky ta luén cé bat ddng thiec:

AC < AB + BC (diu bang x4y ra khi B ndm giita A, C; ho&c B trung
A, hoidc B trung C).

& ]a + b| < Ia | + |'l;| (d4u bing x4y ra a cing huéng i;)

Bai 5. Cho tam gidc déu ABC ndi tié€p dudng tron tam O. Hay xdc dinh
cdce diém M, N, P.sao cho:

— — —
a) OM = OA + OB;

- —> —
b) OM = OB + OC;
- — —>
¢) OP = OC + OA.
Gidi
a) Goi I 1a trung diém cia AB.
— — -
Tacé: OA + OB =20I.
=3 - —
Do d6: OA + OB = OM khi va chi khi:

— — - - o
OM =20I hay IM + IO = 0
Suy ra M d8i xding vdi O qua I. (1)
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Mat khdc AABC déu nén O la trong tam (2)
T (1) va (2) suy ra M thuje duong tron tam O

Hay M la giao diém thi hai cia duong thang OC va dudng tron tdm
0.

b) Tuong tu N 14 giao diém thit hai cia OA va dudng tron tam O.
¢) Tuang tu P 1a giao diém thy hai cia OB va dugng tron tam O.
Bai 6. Cho tam gidc déu ABC c¢6 canh a. Tinh:

— 3 — 3
a) | AB + AC|: b) | AB — AC . A
Giai

a) Goi I 1a trung diém cta BC

- - —

| AB + AC| = 2| AI'| = 2AI

— - 2
Vay | AB + AC| = 2AI B I C
Mat khéc Al 12 dudng cao cla tam gidc déu canh a
nénAI-a—J:

Suy ra: | AB + AC | ..2‘”_ a3

—> — —
b) |AB - AC|=|CB|=CB=a

- -
Vay nén | AB - AC| =a
Bai 7. Cho sdu diém M, N, P, Q, R, S bat ky. Chung minh ring:
- — - - - -
MP + NQ + RS = MS + NP + RQ.
Giai
- — - - - - — — -
Tacé: MP + NQ + RS = MS + SP + NP + PQ + RQ + QS
- - p > 2 o
= (MS + NP + RQ) +(SP + PQ + QS)
— —r - — —
= (MS + NP + RQ) +(SQ + QS)

— - —»
MS + NP + RQ

— =) - - — -
Vay: MP + NQ + RS = MS + NP + RQ.



Bai 8. Chitng minh ring:

a);—(g-t-:):;—g—:;
b)a-(b-c)=a-b+c.
Giai
a) Ta c6:
a-(B+c)=a+(-1Xb + c)=1a +(-1)b +(-1)¢c
“ a-bh=g ‘
Vay a ~(b+c)=a-b-c
b) a-(b-c)=a+@EDb +(-1c]
= a +(-1)b +(-1)-1)¢
= g-b%c
Vay ;—(g—:)=§—g+:

Bai 9. Cho tam gidc OAB. Goi M, N l4n lugt 1a trung diém cda OA vi
OB. Tim céc sd m, n sao cho:
— —

— C - - -
a) OM = mOA +nOB; b) AN = mOA + nOB;
— — — —3 - —
¢) MN =mOA + nOB; d) MB =mOA +nOB.

Gidi
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= —> A
c) MN = MO + ON

- 1-—) 1—>
MN =-§0A + -2-0B

— —

=D :
d) MB = MO + OB

- 1 = —r
MB =--2-0A + OB

—
—_

1
Vay 2
n=1l
Bai 10. Ching minh rang néu G va G' lan lugt la trong tdm cia tam
— - — —
gi:ic ABC va A'B'C’ bat ky thi: 3GG' = AA’ + BB' + CC'
Gidi
Ta co:
> —> —
AA' + BB' + CC' =
— — —> —> — —> ~> — —
= AG + GG' + GA' + BG + GG' + G'B' + CG + GG' + GC
—> — — — - - ~ —
= (AG + BG + CG)+(GA" + GB' + G'C") +3G'G' =3G'G'
- — - >
('V'i G'A.' & G'B' + G:cr = 0 Vl}.
— - - - - — -+
AG + BG +CG =-(GA +GB +GC =10)
— . - -
Vay: AA’ + BB’ + CC' = 3GG’
Bai 11. Trong m#t phdng toa d9, cdc khing dinh sau ding hay sai?
a) Hai vecto d8i nhau thi ching c6 hoanh do d3i nhau.
b) Vecto a cung phuong véi e: néu a c6 hoanh do béng O.

¢) Vecto a ¢6 hoanh dé bang 0 thi cing phuong véi e; .
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Gidi

a) Gia su a (xy; y1); b(xz; y2)

> = X; = =X
.'=.1=-b<::>{1 2
Y1 =-Y2

Suy ra khdng dinh (a) ding.
b) Ta cé: e;; = (1; 0), chon & (2; 0)
Ta c6: a= 2;; , tae 1a a va e: cung phuong

Mat khéc ta thdy hoanh dé cia vecto a 1a 2 = 0. Do d6 khing
dinh (b) 12 sai.

¢) Gia sit a = (0; y) suy ra a =ye:;
Vay nén a cung phuong e_; nén (c) ding.
Tém lai: Khéng dinh (a) va (c) ding, khdng dinh (b) sai.
Bai 12. Cho a(2; 1), b(3; —4), ¢ (-7; 2)
a) Tim toa d§ cua : = 3; +2§ —4:;
b) Tim toa dd caa ; sao cho ; + ; = E - ;:’;
¢) Tim céic s6 k va hsao cho ¢ =ka +hb.
Gidi
a) Ta cé6: u=3a +2b —4c _

=(6+6+28 3-8-8)> u =(40;-13). -

el

BY % 4 & o b 0765 Mo b A0 = WS & w8 —T):
¢) e =ka +hb
L [7=2+3n _ [k=-2
3=k ~dh h=-1

Bai 18. Cho u = ;;; ~5ey; v =mey -4de,

Tim m 48 M va v cung phuong.
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Giai
Tu gia thiét ta cé:
; = (1;5], v =(m; -4)
2

~$

Dou =0 nénuvav cung phuong thi 3k R sao cho v =ku

mzlk m 4 2
= 2 = T = = — m = g
-4 = -5k = 2

Vay m = % la gid tri can tim.

Bai 14. Trong cac khing dinh sau, khéng dinh nao 1a ddng.

a) Diém A ndm trén truc hoanh thi ¢é6 hoanh do bang 0.

b) P 1a trung diém cia doan thing AB khi va chi khi hoanh d¢ cta P
bang trung binh ¢dng hoanh do cia A va B.

c) Néu ti gidec ABCD 1a hinh binh hanh thi trung binh cfng céc toa
dd tuong ung cia A va C bidng trung binh cdong cic toa do tuong
ing cua B va D.

Gidi

a) Khang dinh (a) la sai vi A (1; 0) € Ox.

b) Khiéng dinh (b) 1& sai vi chi hoanh do bing trung binh cdng cia hm
hoanh d6 14 chua di ma con phai xét tung d6.

Vi du: A(1; 1), B(3; 3) thi P(2; 5) khong la trung diém cua AB.

¢) Khéng dinh (c) 1a ding, khi dé trung binh cong toa d tuong (ng
cua A va C bing trung binh cdng toa d9 tuong dng cia B va D va
chinh 1a toa d§ cia tdm hinh binh hanh.

- CAU HOI TRAC NGHIEM

1. Cho ti gidc ABCD. S§ cdc vects khac 0 c6 diém ddu va diém cudi 1a
dinh cla tu gidc bing: \ -
a)4; b) 6; ¢) 8; d) 12.

2. Cho luc gxé.c déu ABCDEF c6 tim O. S§ cdc vecto khac 0 cung

phdo’ng vGi OC ¢6 diém diu va diém cudi 1a dinh cha luc gidc bang:
a) 4; b) 6; e)7; d) 8.
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9.

—
. Cho luc gidec déu ABCDEF c6 tdm O. S8 céc vecto bing vectd OC cb

diém d4u va diém cudi 12 dinh cha luc gidc bang:
a) 2; b) 3; c) 4; d) 6.

—_)
. Cho hinh chit nhat ABCD c¢6 AB = 3, BC = 4. D$ dai ctia vecto AC la:

a) 5; b) 6; c) 7, d) 9.
. Cho ba diém phén biét A, B, C. Pdng thic nao sau day la dang?
- —5 — —> — —>
a) CA - BA = BC; b) AB + AC = BC;
- - — - - —
c) AB + AC = CB; d) AB - BC = CA.

. Cho hai diém phéan biét A va B. Piéu kién d€ diém I 1a trung diém

clia doan thing AB la:
—> —
a) IA = IB; b) 1A = IB;
—> =) —> —
¢) IA =-1IB; d) AI = BI.

. Cho tam gidc ABC ¢6 G 1a trong tdm. I 12 trung diém cta BC. Ping

thitc nao sau day la ding?

—> - -3 1-)

a) GA =2GI; b) IG = EIA;
—> - - — — -

¢). GB + GC = 2GI; d) GB + GC = GA.

. Cho hinh binh hanh ABCD. Ding thic nao sau day 1a ding?

> - - e

a) AC + BD =2BC; b) AC + BC = AB;
> - - > 5 o

c) AC - BC =2CD; d) AC - AD = CD.

Cho hinh binh hanh OABC c6 O 14 gdc toa d6, C nim trén Ox. Khidng
dinh nao diang? |
< :
a) AB c¢6 tung d6 khac 0; b) A va B ¢6 tung d§ khéc nhau;
¢) C ¢6 hoanh d6 bing 0; d) X, + X¢c — %X = 0.

10. Cho u = (3; -2), v(1; 6). Khdng dinh nao sau day 1a ding?
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a) Uu+vvaa= (—4; 4) nguge huéng;
b) u va v cing phuong;
¢) u-vva b = (6; —24) cung huéng;

d)2u +vvav cung phuong.



1. Cho tam gide ABC c6 A(3; 5), B(1; 2), C(5; 2). Trong tdm cua tam
gidac ABC la:

a) G,(-3; 4); b) Gs(4; 0);
¢) Gs(V2; 3); d) Gi(3; 3).

2. Cho bon diém A(1; 1), B(2; -1), C(4; 3), D(3; 5). Chon ménh dé ding:
a) Ta giac ABCD la hinh binh hanh;

b) Piém G[z; gj 12 trong tdm tam gidc BCD;

—> —
¢) AB = CD;
- =
d) AC, AD cung phuong.
|3. Trong mat phing Oxy hé bén diem A(-5; -2), B(-5; 3), C(3; 3),
D(3; -2). Khang dinh nao sau day la ding.
=¥ =5
a) AB va CD cung hudng;
b) ABCD 1la hinh chit nhat;
¢) Piém I(~1; 1) 1a trung diém AC;
— —> —
d) OA + OB = OC.
— =¥ — =¥
l4. Cho tam gidc ABC. P4t a = BC, b = AC. Céc cép vecto nao cing
phuong?

a)2;+-l;va;+2i;; b);-ZEVQZa-E;

¢)5a + b va-10a -2b; da+bvaa-b.

L5. Trong mat phéng toa do Oxy cho hinkh vudag ABCD ¢6 gdc O 1a tdm
cia hinh vudng va cdc canh cia né song song vdi cde truc toa dd.
Khing dinh nao sau day la ding?

—» =¥ > —r -
a) |0A + OB | = AB; b) OA - OB va DC eung huéng;
C) Xp = —Xc¢ VA Ya = Yc. d) Xp = -Xc vA yo = —Ys.

16. Cho M(3; —4). Ké MM, vudng géc vdi Ox, MM, vudng géc véi Oy.
Khéng dinh nao sau day 1a dang?

a) OM; = -3; b) OM; = 4;
c) OM;-OMa2 c6 toa do (-3; -4); d) OM; + OMz cb toa dd (3; - 4).
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17. Trong mit phdng toa do Oxy cho A(2; -3), B(4; 7). Toa d9 trun
diém I cGa doan thing AB la:

a) (6; 4); b)(2; 105, o (3;2); d) (8; -21).
18. Trong mét phing toa dé Oxy cho A(5; 2), B(10; 8). Toa do clia vect
A_]g la:
a) (15; 10); b) (2; 4); - c) (5; 6); d) (50; 16).
19. Cho tam gidc ABC c6 B(9; 7), C(11; -1), M va N lan lugt 13 trun
diém cia AB va AC. Toa d6 chia vectd I\«?N la:
a) (2; -8); b) (1; -4); c) (10; 6); d) (5; 3).

20. Trong mit phdng toa d6 Oxy cho bdén diém: A(3; -2), B(7; 1
C(0; 1), D(-8; -5). Khdng dinh nao sau day la dung?

- -

a) AB va CD ddi nhau;
— — '

b) AB va CD cung phuong nhung nguge hudng;

—» —
¢) AB va CD cung phuong va cung huéng;
d) A, B, C, D thudc cuing mét dudng thing.

21. Cho ba diém A(-1; 5), B(5; 5), C(-1; 11). Khdng dinh nao sau day |
ddang?

a) A, B, C thdng hang:
— —

b) AB va AC cing phuong;
- -

c) AB va AC khéng cung phuong;
- —

d) AC va BC cung phuong.

22. Cho a = (3; -4), b = (-1; 2). Toa d) cha vecto a + b la:
a) (-4; 6), b) (2; -2); c) (4; -6); d) (-3; -8).

23. Cho a = (“1;2), b(5; 7). Toa d§ cia vects a - b Ia:
a) (6; -9); b) (4;-5);  1¢)1+6;9); d) (-5; -14).

24. Cho ; = (-5; 0), g = (4; x). Haj vecto ; va E cuing phuong néu sd x 1a
a) -5; b) 4; c) 0; ’ d) -1.
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5.Cho a = (x; 2), b = (-5; 1), g = (x; 7). Veets ¢ = 2a +3b néu:
a)x =-15; b) x = 3; ¢)x =15 dy x = 5.
6. Cho A(1; 1), B(=2; -2), C(7; 7). KhAng dinh nao diing?
a) G(2; 2) 1a trong tdm cua tam giac ABC;
b) Diém B & gita hai diém A va C;
¢) Piém A ¢ gita hai diém B va C;
d) Hai vectg I’?B va EEJ cung huéng.

7. Céc didm M(2; 3), N(0; —4), P(-1; 6) lan luot 1a trung di€m cédc canh
BC, CA, AB cua tam gidc ABC. Toa do dinh A cia tam gidc la:

a) (1; 5); b) (-3; -1); ¢) (-2; -7); d) (1; -10).
8. Cho tam gidc ABC c6 goc toa do O la trong tam, A(-2; 2), B(3; 5).
Toa 49 cha dinh C la:
a) (-1; =7); b) (2; -2); ¢) (-3; -5); d) (1; 7).
9, Khdng dinh nao trong cdc khing dinh sau 1a ding?

a) Hai vecto a = (-5; 0) vd b (~4; 0) cing huéng.
b) Vects ¢ = (7; 3) 12 vects déi cia d = (-T; 3).
c¢) Hai vecto o = (4; 2) va v = (8; 3) cung phuong.
d) Hai vecto a = (6;3) va b = (2; 1) nguoe huéng.

0. é; va e-; 1a hai vecto don vi cia hé truc (O; e;; e ). Toa d§ cia vecto

e_;;+e-;lé:
a) (0; 1); b) (-1; 1); ¢) (1; 0); d) (1; 1).

Giai
Cin 1 (28| 4|5 |87 8|8 (1011|1218 |14]1K
Bap | o lalalalelelel{alalc|lalalnle]a
an
Cu |18 (17 |18 (19|20 | 21|22 |23 |24 |25| 28 |27 |28 |28 | 30
Bap g |ec|c |0 | b |c|[b|c|c|ec|c|h|a|a|ld
an
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‘Do ABCD la hinh binh hanh nén

48

- =
. Cdc vecto thod min yéu cdu dau bai dé 12 BA; ED.

. Xét A vuéng BAC: AC? = AB? + BC?.

. Ta ludn ludn c6: ‘ . A

\

. Tir c4c dinh cha ti gide ABCD ta xdce dinh duge céc vecto ¢6 diém da

va diém cudi 1a cde dinh caa ti gide.
- =3 =3 = = =

e T

AB; BA: AD; DA:; BC; CB; cn DC; AC; CA; BD; DB
Viay c6 12 vecto. . A

Suy ra ddp 4n (d) 1a ddp 4n dung.

. Nhiing vecta thoé mé.n yéu cdu ctia bai

todn dé la: AB BA ED DE
Viy c6 bén vecto nén ddp 4n ding 1 (a).

Viy c6 hai vecto, nén dap dn ding 1a (a). A D

AC = ,/AB‘~’ +BC?

AC=5 B C

—>
Mt khédc: | AC | = AC = 5 nén dép 4n diing 12 (a).

— — —
. V6i ba diém A, B, C bat ky thi ta ludn cé6: CA + AB = CB.

Vay dédp 4an ding la ddp 4n (c) A

. 112 trung diém cia AB. Khi dé hai

vecta IA va IB ngUo’c hu’dng va cung

dd dai nén IA = -IB G
Véy dédp 4n ding 12 dédp an (c).

. Do I 12 trung diém cta BC nén: 9 I C

= o -
GB + GC =2GI.
Vay dédp 4n ding 1a ddp 4n (c).

— — -

- - -
AC+BD=AB+BC+BC‘_+CD

—

— -
= AB + CD + 2BC,

- =) =
AB + CD =



— - -
Vay AC + BD =2BC
Tém lai ddp 4n ding 14 (a).

9. Do ABCD la hinh binh hanh nén:

—> —> -
Suy ra: xa + X¢ = X3
L= Xa+Xc-xg=0 /
Vay dap an ding l1a (d). ' L
10. Tacé: u-v =(3-1;-2-6) 0 C
:— : =(2;-—8)

11.

12.

13.

Suy ra: 3(u - v) = (6; —24).

Nén : - ; va E = (6; —24) cung hudng.
Véay dap 4n ding 1a ().

Goi G(x; y) 1a trong tdm AABC, khi doé:
_Xp+Xg+Xxg 3+1+5

X =3
3 3
y=yA+yB+yc=5+2+2=3
3 3
Vay G(3; 3)

Do d6 dap 4n ding la dédp an (d).

T gia thiét:
— — —
AB =(1;-2); CD =(=1;2)= DC =(1;-2)
- —

Vidy AB = DC (1)

Mat khic: EE! =(2; 4)

Nén A, B, C khong thdng hang (2)

Tu (1) va (2) suy ra tid gidc ABCD 1a hinh binh hanh.
Tém lai ddp 4n ding la ddp 4n (a).

et -
Ta c6: AB =(0; 5), BC =(8;0)
Suy ra A, B, C khéng thing hang. ' (1)

—y
AB=(0;5) > o
=D

M4t khéc ta lai c6: AB = DC (2)

._,
DC = (0; 5)
T (1) va (2) suy ra ti gide ABCD 1a hinh binh hanh (¥)
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Ma: |AB| = 02 +5%2 =5
-
IBCi=\}82+02 =8
_)
|AC| = /8% + 5% = B9

Suy ra: AB? + BC? = AC% Vay ABC = 90° (**)
Ti (*) va (**) cho ta thdy t& gide ABCD la hinh chit nhAt.
VAy ddp 4n duang 1a (b).

14. Tacé:-10a — 2b = —(5a + b)
Vay dap 4n ding 1a ddp an (c). y
15. Goi I la trung diém AB A I

-5 — —
Ta cdé: OA + OB =201

—» — — 0
— |OA +O0B| =2|01I| =201

— —
= |OA + OB| =BC = AB D
(Vi ABCD la hinh vuéng)
Véay dép 4n (a) 12 ding.

> —
16. Theo gia thiét: M2(0; —-4), M1(3; 0).
— —
Suy ra: OMz(0; -4) va OM;(3; 0).
— — '
Vay OM: + OM; =(0+3;-4+0)=(3;-4)

—> —>
OM;-+ OM:z c6 toa 49 1a (3; —4).
Nén ddp 4n (d) 1a ddp 4n ding.
17. Goi I(x; y) 12 trung di€m cGa AB. Khi d6:

_Xp+Xg 2+4

X 2 2 3
y=yA +YB=—3+7=2
_ 2 2
Véay 1(3; 2)

Nén dép én ding 1a (c).
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s >
18. Tir gia thiéy AB(10 - 5; 8 - 2) hay AB = (5; 6
Vay dédp an dung la (c).
1= 1

—>
3 ): = — = —(2; -8

19. Tacé: MN 2B(.‘, 2( )

—
< MN =(1;-4)
Vay ddp an diang la (b).

o —3

20. Tacdé: AB =(7-3;r-(-2)) o AB =(4;3)
— - —
CD =(-8-0;-5-1) & CD =(-8; -6)

—»

— — . —
Vay AB = -2CD. Tu dang thic nay ta suy ra AB va CD cung
phuong nhung nguge hudng.
Nén dap 4an dang la (b).
— —
21. Tacé: AB =(5-(-1);5-5) < AB =(6; 0)
— -
AC =(-1-(-1);11-5) <« AC(0;6).
.= — - —
Suy ra khong ton tai k € R dé AB = kAC nén AB va AC khdng
cung phuong.
Vay dép 4n (c) 1a ddp 4n ding.
22. Theo gia thiét:
a+b=(3+(1);-4+2)

"2 +b =(2-2) )
Vay ddp 4n dung la (b).
28. Theo gia thiét: .

a-b =(1=5;2- (M

a-b =(-6;9)
Vay ddap 4n ding la (c).
24.Do a =(-5;0) # 0 nén b cang phuong a thiFk ¢ Rdé b =ka
ioox: Vwa=o
Nén ddp dn diang 1a ddp 4n (c).
25. Tac6:2a =(2x; 4), 3b = (-15; 3)

Suy ra: 2; +33 =(2x - 15; 7)
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26.

27.

x=2x-15
7=17

&S 2x-15=x & x=15
Vay dédp an ding la (c).

~> —
Theo gia thiét ta ¢6: BA = (3; 3), BC(8; 8)
- -
Suy ra BA va BC cung huéng hay A nim giita B va C (vi A khéng
trung B ho#c trang C)
Viy ddp 4n ding la (c).

Goi A(xa; ya), B(xs; yg), Clxc; yo)
Do gia thiét ta cé:

Tii’dﬁngthﬁ’c:;=2;+g = {

(x4 + %o = 2xy (x4 +%Xc =0 [x, =-8

1Xp +Xg =2Xp° <&  {Xp+Xg=-2 & {xg=1

[ Xp + XC =‘2xM_ X5 + X¢c =4 (X¢ =3
Tuong tu:

(Ya +¥c =2yn (Yo +¥c=-8 (ya =-1

<¥A +¥B =2yp & ya+yp=12 & (yg=13

¥ *+ ¥Yc = 2ym yB +¥c =6 yc =7
Vay A(-3; -1)

Nén dédp én ding l1a (b).

28. Goi C(xc; yc). Khi d6 theo tinh chit trong tdm:

30.

52

_ Xa +Xg +X¢ 0_—2+3+xc

&
]
LA

3 3
= =
Ya +¥B tYc 0=2+5+YC {Yc=‘7
3 3
Vay C(-1; -7) nén ddp 4n ding la (a).

V6i a =(-5;0)va b = (-4; 0) thi d& thy.
a = gg nén a vi b cing huéng

Yo =

Vay ddp 4n ding 1a (a).

Theo gia thiét: ;; (1; 0) va e;; (0; 1)

Khindy: e + ey =(1+0;0+1)
e + e =(1;1)

Vay dép 4n (d) 12 ding.



II. BAI TAP TUONG TU VA NANG CAO
3ai 15. Cho tam gidc ABC. Pat AB = u va AC = v.

o . . -» — . -
a) Goi P la diém do6i xdng ciia B qua C. Tinh AP theo u va v;
b) Goi Q va R 1 hai diém dinh béi:
- 1= 1 = — - >
AQ = EAC va AR = gAB Tinh RP va RQ theo u va v.
¢) Suy ra P, Q, R thing hang.
3ai 16. Cho L& gide ABCD. Chitng minh riang chi ¢6 mot diém M thoéa
hé thiec:
-5 = - > .
2MA +3MB -5MC + MD = 0.
3ai 17. Cho tit gide ABCD
- —> —» -
a) Xdc dinh diém O sao cho: OB +40C =200D;
b) Tim tap hop cdc diém M thoa hé thie:
—» o 4 e 4 -
|MB +4MC -2MD | = |3MA |.
3ai 18. Trong méat phang Oxy cho ba diém A(1; -2), B(0; 4), C(3; 2). Tim
toa do diém D bieét: .
— ==y —
a) CD = 2AB - 3AC;
- = = -
b) AD +2BD - 4CD = 0.
3ai 19. Trong mat phing Oxy cho ba diem A(1; 0), B(-1; --5),
C(-1; -2). Tim toa do:

- = o
a) Cdc vecto AB, BC, CA;

b) Piém D sao cho ABCD la hinh binh hanh;
¢) Tam I cda hinh binh hanh ABCD.

3ai 20. Cho ba diém A(-1; 1), B (0; 3), C (-4; -h).
a) Ching minh A, B, C thang hang. Tinh k = :g :

i
-

b) Tim giao diém cia dudng thing AB va tryc x'Ox.

V. DAP SO VA HUGNG DAN GIAI A
3ai 15.
a) AC 1a trung tuyén tam giac ABP nén:
- - -
AB + AP = 2AC

->» —> - —

—> =5
< AP =2AC - AB =2v - u.




—>
b) Ta c6: RP = RA + AP

=—:]3'—; +2; - ; =§(3; —2:) (1)
=4 —> —> 1> 1= 1 — -
RQ:RA+AQ=-—§u+-2—v=-£—;(3v—2u) (2)

- — - —
¢) T (1) va (2) ta c6: RP = 4RQ. Do d6 RP va RQ cung phuong v
cing gbc R nén clung gid. Vay P, Q, R thing hang.

Bai 16.
—> —> —> —> —
Tacé: 2MA +3MB -5MC + MD = 0
o - - - - = =
< 2(MC + CA)+3(MC +CB)-5MC + MD = 0
— — —
& DM =2CA + 3CB khdng ddi
Diém D c¢d dinh. V4y chi ¢c6 mgt diém M théa hé thic trén.
Bai 17.

— — -
a)-X4dc dinh O: OB +40C =20D
— ~> —
< 30B =2BD -4BC
— — —
=(2BD -2BC) -2BC
- -
—r — -
<> 30B =4CI (I 12 trung diém cia BD)
—> =) —> 4
3BO =41IC < BO = EIC

—

Véy O la dinh cda hinh binh hanh IBOE véi IE = 1;.10.
b) T4p hop céc diém M:
e d —3 —>
|MB +4MC -2MD | = |3
—» — — — —
= |3MO + OB +40C - 20D | = [3MA |
—> - —> =
Theo clu a) thi: OB + 40C - 20D = 0

— -
nén [3MO | = [3MA| < MO=MA
Vay tap hop cdc diém M 12 dudng trung truc (d) cia doan OA.

Bl
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Bai 18. a) D{xz'
y=2

¥ x=11
b) D{y=2

—)

Bai 19. a) AB =(-1-1;15-0) =(-2; -5);
_)
BC =(-1+1;-2+5)=(0; 3);
..._)
CA=(1+1;0+2)=(2;2).

b) D(1; 3).
c) - 1(0; -1)
3ai 20.

— —
a) Ta c6: AB =(1; 2) va AC =(-3; 6).

Tathgy 8. - .1. 2 _2 1 & 12
b1 "3'b, 6 3 by by

Nén AB va AC cung phuong va cung goc A.

Vay A, B, C thdng hang va k = @ = E =2
AC ﬂ: 3

b) Goi M 1a giao diém ctia AB va x'Ox, ta ¢6 M(x; 0) va
—-’
AM=(x +1; -1)

, - -
A, B, M thdng hang & AB va AM cing phuong.
x+1 -1 3 ra 3.
1 = E-@K——g.V&YM{*E,O).
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CHUONG 1I: TICH VO HUONG
CUA HAI VECTO VA UNG DUNG

§1. GIA TRI LUONG GIAC CUA
MOT GOC o BAT Ki VOI 0° < o < 180°

L. TOM TAT LY THUYET

1. Dinh nghia: y4

Véi mdi goéc a. (0° < a < 180°) ta x4c M
dinh diém M trén nita dudng trdn ~--1Yo
don vi sao cho xOM = « va gia si

M cé toa 4 (xo; yo). Khi dé:

e Sin ca géc o 1a yo, ki hiéu: sina = yq.

» Cosin cia gbéc a 1a x,, ki hiéu: cosa = xo.

e Tang cua géc a la Yo (xo # 0), ki hiéu: tana = Yo
Xo X0

: .
-1 X |O 1 X

e Cotang cua gbc a la Xo (yo # 0), ki hiéu: cota = Xo
Yo Yo

2. Tinh chét: Vi mdi goc o (0° < o < 180°)

e sina = sin(180° - a)

e cosa = —cos(180° - o)

e tano = —tan(180° - a) (a # 90°)

e cota = —cot(180° — a) (a # 0° @ # 180°)

3. Géc gida hai vecto:

- - - B g —
Cho hai vecto a vd b déu khéc vecto 0. b a _a
=X - -
Ti mdt di€m O bat ky ta vé OA = a, ;\
e v O /
08B =b. a

Géc AOB véi s8 do tit 0° dén 180° dugc goi 1a géc gila hai vecto a
va _l; '

_ Ki hiéu gilta géc hai vecto .; va b la (;; b).
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Néu (a; b) = 90° ta néi a vab vudng géc nhau, ky hiéu la a lb
hoac ; L f:;

Chu y: Trong hai vecto a va b néu c6 it nhat mot vecto 0 thi ta
xem géc gita hai vecto do la khong xac dinh.

I. BAI TAP CAN BAN
3ai 1. Ching minh réng trong tam gidc ABC ta c6:
a) sinA = sin(B + C) b) cosA = —cos(B + C)

: Giai
a) Do A, B, C la ba géc cua tam gidc ABC nén:
A+B+C=180° & A=180-(B+0C)
Do vay:
sinA = sin(180° — (B +C)) = sin(B + C)
b) Do A =180°-(B + C)
nén cosA = cos(180° - (B + C)) = —cos(B + C)
3ai 2. Cho AOB la tam gidc cén tai O ¢c6 OA = a va c6 cac du’ﬁng cao

OH va AK. Gid s&tr AOH = o. X4c dinh céde goc (AK; AB), (BA; OB).
Gidi
* Cdch 1.
Ta c6 do AOH = o = OAB = 2a.
Ma tam gidc AOB cén tai O do d6 ABK = 90° - a.
Xét tam gidc AKB ta c6 ABK + KAB = 90°.
= ﬂB:QO‘—ATK=90°-(90°-a)=a. 0

=3 = o
Do viy (AK; AB) = KAB = «.
Doﬁ:QO“—ahayE“B:QO“—a. K

* Cdch 2.
D& thdy hai tam gidc AKB va OHB la hai ! 2 B
tam gidc déng dang.
= ﬂ"B:iiﬁE:ﬁBE:a

—

= (AK; AB) = KAB = a.
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Bai 8. Ching minh ring:

a) sin100° = sin80°
¢) cos122° = —coshH8°

a) 100° + 80° = 180°
b) 170° + 10° = 180°
c) 122° + 58° = 180°

b) ¢08170° = —cos10° |

Gidi
= 8in100° = sin(180° - 80°) = sin80".

= c0s170° = cos(180° - 10°) = —c0s810°.
= c08122° = cos(180° — 58°) = —cos58°.

Bai 4. Chitng minh ring véi moi géc a (0° < o < 180°) ta déu c6:
cos’a + sin’a = 1.

Gid st diéfm M niam trén nia dudng 1

tron don vi sao cho xOM = a. Mol
Goi M;, M; 14n luot 12 hinh chi€u cia M i

trén Ox, Oy. Khi d6, ta cé:
sina = OM, va cosa = OM,

Gidi yt

-1 0

Béi vay: cos’a + sina = OM? + OMZ = OM® = 1.
Vay cos’a + sin’a = 1 (v6i 0° < a < 180°).
Bai 5. Cho géc a, vdi cosa = % Tinh gid tri cia biéu thdec:

P = 3sin’a + cos®a.

Gidi

Theo bai 4, ta c6: sina + cos’a = 1.

Ma cosa =

8
Va P=3.—-
Ay 9 +

1

1 X
= = coga==- = sina=

9

1_2
9 9

Bai 6. Cho hinh vuéng ABCD. Tinh:

58

- — Ny = e
cos( AC, BA ); sin( AC, BD ); cos( AB, CD ). B

Goi B, 1a diém d6i xing véi B qua A. -

- — - -
= (AC,BA) = (AC, AB,) Al
Do ABCD Ila hinh vuéng.

= CAD = 45°

S -
= CAB; = 135° hay (AC, AB, ) = 135° B,

Gidi

—3

©|o



= =5
Do véy cos(AC, BA ) = cos135° = -

03]

|

- —
Do AC LBD = AC L BD
- - e
= (AC,BD)=90° = sin(AC,BD)=1.
-
Do AB // CD, mat khédc B va D niam vé hai phia cia AC, suy ra AB
_._}
va CD la hai vecto nguoc hudng.
- — - -
= (AB,CD)=180° = cos(AB,CD)=-1.
I1. BAI TAP TUONG TU VA NANG CAO
3ai 7. Ching minh ring véi moi géc a (0° < a < 180°) ta déu cé:

a) Néu cosa # 0 thi 1 + tan®a = 12 )
cos“a

b) Néu sina # 0 thi 1 + cot’a = — 12
sin’ o

}ai 8. Cho tam gidc ABC vudng tai A, AB = a, BC = 2a. Goi H 12 hinh
. - - - —
chiéu cua A lén BC. Tinh cos( AH, AC), sin( BA, AH ).

sai 9. Tinh gid tri cia céc biéu thic sau:

a) 3 - sin®90° + 2c0s®60° — 3tan?45°.

b) 4a’sin®45° + (2acos45°)” — 3(atand5°)’.
bai 10. Pon gidn cédc biéu thuc:

a) sin10° + sin170° + cos15° + cos165°.

b)2sin(180° - x).cotx — ¢os(180° — x).tanx.cot(180° - x) véi 0° < x < 90°.
bai 11* Tim gid tri 16n nh&t va nho nhat cia biéu thite:

A = sin*x - sin®x + cos®™ véi 0° < x < 180°.

v. DAP SO VA HUGONG DAN GIAI

jai 7.
. 3y .2 2
: . sin“a sin“a + cos“a 1
a) Véi cosa # 0 thi 1 + tana = 1 + — = - = ——.
cos“a cos“a cos“a
2 .2 2
.. cos“a sin“a + cos“a 1
b) V6i sina # 0 thi 1 + cot’a = 1 + —— = - = —5—.
sin“a sin“a sin“a
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Bai 8.
1

- — _
* cos(AH, AC) = cosHAC = cos60° = "
—>

: ==p 1
* gin(BA, AH) = sin150° = 5
Bai 9.

2
a) 3 - sin”90° + 2c0s’60° - 3tan®45° = 3 - 1 + 2. (lj -31=

1
2 2’

b) 4a’sin?45° + (2acos45°)® — 3(atand5°)® =
2 2
= 43[@-) 4 4a(ﬁ] - 3a%1=2a%
2 | 2
Bai 10. . |
a) sinl0° + sin170° + cos15° + cos165°
= 8in10° + 8in10° + cos15° — cos15° = 28in10° + 0 = 2sin10°,
b) 2.5in(180° - x)cotx — cos(180° - x).tanx.cot(180° — x) =
= 2.sinx.cotx + cosx.tanx.(—cotx) = 2cosx — €c0SX = COSX.
Bai 11.
A = sin*x - sin’x + cos®x = sin‘x - sin’x + 1 - sin% = (sin’x - 1)%.
* Tacé: (sin’x - 1)°>0, vx e [0° 180°.
= A dat gi4 tri nhé nhéat bing 0 khi sin’x = 1 = x = 90°.
* (sin’x - 1)< (-1 =1
= A dat gid tri 16n nh&t bing 1 khi sinx =0 = x=0.

§2. TicH vo NUGNG CUA HAIX vncm

'L TOM TAT LY THUYET
1. Dinh nghia:

-+ - -
Cho hai vectd a va b khédc vecto 0. Tich vd huéng cia hai vecto

a va b la mot s6, ki hiéu 12 a. b, duge xde dinh bdi cdng thic:

;.b =|al.|b|.cos(a, b)




Nhan xét
o Trudsng hop it nhat mdt trong hai vecto é. va b bing vecto 0.

Ta quy udc ;E = 0.
o Véi ; va E khéc vecto (5 ta co:
; E =0 e; i b nghlala(a b)=90°.
e Khi a = b tich v huéng a.a duge ki hiéu I3 42 va duge goi 12
binh phuong vd huéng caa vectd a.
2. Cac tinh chat:

T
Véi moi a, b, ¢ va sé thue k ta co:
— —* - =
e a.b = b.a (tinh chat giao hodn).
—  — e N

e a(b+c)=a.b+a.c (tinh chdt phan phéi).
¢ (a)h =kta.b)=a0kb)

—+ 2 —+ 2
e a 20, a =0c:>a = 0
3. Biéu thic toa dj cua tich vé hudng:
Trén mit phdng toa do (0; e1; e2) cho hai vecta a; = (a;; a),

-

bl = (bl, b;) khi d6 a -l; = a1b1 + ab,.

Nhén xét: khi ; va E khéc vecto 6 thi ; Lb & a,b; + azb; = 0.
4. Ung dung:

a) Cho a, = (a;; &) tacé: | a | = Ja? +aZ.
b) Géc giira hai vecto:
Cho ; = (a;; a), E = (by; by) ta co:
> = a.b a.b, +a,.by
cos(a,b)-lmllbI m b2 F
c¢) Khodng cach giita hai diém:
Cho A(xa; ya), B(xs; ys). Khi d6: AB = /(x5 - x,)% + (v - ya)? -
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II. BAI TAP CAN BAN
Bai 1. Cho tam gidc vudong cdn ABC c6 AB = AC = a. Tinh cdc tich vo

- 5 o o

huéng ciia AB.AC, AC.CB.
Giagi

= = - - - -
e AB.AC = |AB|.|AC|.cos(AB, AC) = a.a.cos90° = 0.
Ta cé thé viét: Do tam gidc ABC vudng can tai A.

— 5 - B

= ABJ.AC:>ABAC 0.
e Tac6: ACB = 45°

—> = ey
= (AC.CB)=180°- ACB = 135°
Ma BC = JAB? + AC? = a+/2.

A a C
- = —> -» - =
Suy ra AC.CB = |AC|.|CB|.cos(AC, CB) = a.a. /2 .cos135° = -a’.
Bai 2. Cho ba diém O, A, B va biét OA = a, OB = b. Tinh tich vd huéng
- -
cia OA.OB trong hai trudng hop:
a) A va B cung phia d6i véi O.
b) A va B khéc phia ddi véi O.
Giai
- -
a) A va B cung phia d6i v6i O = (OA, OB) = 0°
=5 =y - =
Suy ra OA.OB = |OA|.|OB|.cos0° = a.b.

' ' -
b) A va B khédc phia d6i v6i O = (0OA, OB) = 180°
e ==}
Suy ra OA.OB = -|0A[ |0B| cos180° = -a.b.

Bai 3. Cho nua dudng tron tdm O dudng kinh AB = 2R. Goi M va N la
hai diém thudc nira dudng tron sao cho hai ddy cung AM va BN cit
nhau tai 1.

e - -

a) Chiung mmh Al.AM = A].AB va BI.BN = BI BA

- -

b) Hay dung ciu a) dé tinh AI AM + BI.BN theo R.
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Giai
- = -5 — [
a) Ta c6: AI.AM = |AI|l.|AM|.cos0” = ALAM (1)

- — - — o
Al.AB = |AI|.|AB|.cosIAB

= AI.AB.cosIAB = AI.AM (2)
(Do tam gidc AMB vudng tai M

= AM = AB.cos MAB)

=

- —

Tl (1) va (2) suy ra AI AM AI.AB.

A B

- 2 — —
Hoan toan ching minh tuong tu ta cing duge BI.BN = BI.BA.

b) Ta cé:

- - - = - =2 - -=> M
AI.AM + BI.BN = AI.AB + BI.BA N
- — -
= AB(AI - BI)
- - -

=(2R)2=4R2.

Bai 4. Trén mat phéng véi hé toa do Oxy, cho hai diém A(1; 3), B(4; 2).
a) Tim toa d§ diém D nim trén truc Ox sao cho DA = DB.

b) Tinh chu vi tam gidc OAB.
¢) Ching t6 OA vudng géc vdi AB va tit d6 tinh dién tich tam gidc
OAB.

Gidi
a) Goi toa dd diém D thudc truc Ox 1a (x; 0).
— —
= DA =(1-x;3), DB =(4 -x; 2).
- —»
Ta c6: DA = DB <> |DA| = |DB|

S -x)+32=(4 -x%)+2?

e:::»(i:;::l()c:::snw§

Vay D g; 0) 1 diém cén tim.
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N
b) Tacé: OA = |OA| = 1* + 3% =

__) i
OB = |OB| = /4% + 2* = J20

_)
AB = |AB| = J4-1?+(2-3?% = J10
Suy ra chu vi tam gidc OAB bang:
OA + OB + OC = 210 + V20 (don vi chu vi).

'

—
c) Do OA =(1;3), AB =(3; -1).

-
OA.AB=1.3+3.(-1)=0=>0A1AB
= Dién tich tam gidc OAB la:

Soa = %.OA.AB: %.JTo.Jfo = 5 (dvdt).

Bai 5. Trén mat phdng Oxy hay tinh géc gida hai vecto ; va E trong
céc trudng hgp sau:

a) a =(2-3), b =(6;4); b) a =(3;2), b = (5; -1);
¢) a =(-2-2+8), b =(3; V3).

Gidi
a) Ta c6: ;E =26+(-3)4=0> ; 1 g hay(;, E):QU“.
b) Ta cé: ;g 3.5 +2.(-1)=13. .
Mat khée:

= | 2 .| b l.cos(;,, i:;) = Jﬁz +2* .JB’ +(-1)? .co's(;, b)

= J26../13 .cos(a, b).

Suyra:13=J%.Jﬁ.cos(;,g)zcos(;,g)=%
= (a, b) = 45°.

¢) a.b=-234+(-2V3).3 =12.
Mat khée:

;b |a| |b|cos(a b)
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= \[(12]2 + (-23)% .32 + (3)? .cos(a, b)

= J20.V12 .cos(a, b)

:cos(; E)— _La
’ JV12.410

Bai 6. Trong mit phing toa do Oxy cho bén diém A(7; -3), B(8; 4),
C(1; 5), D(0; -2). Chitng minh rang ti gidc ABCD 1a hinh vuéng.

Gidi

= \E = cos(;, G) ~ 39°15'563".

—i%

Ta c6: A_ﬁ =(1:7), .EEI = (-6; 8), AD = (-T7; 1).
Suy ra A, B, C, D khong thdng hang hay A, B, C, D tao thanh mét
ta gidc.
— —
Ta c6: AB =(1;7), CD =(-1; -T)va AB =CD = J50.
Suy ra ti gide ABCD ¢6 AB / CD va AB = CD.
Suy ra ti gide ABCD la hinh binh hanh.

’ —> —
Mit khée: AB= | AB| = V50 = | AD | = AD.
Nén td gidec ABCD 1A hinh thoi (1)
Ta lai cé:

= = > o
AB.AD =1(-7)+7.1=0= AB L AD hay AB L AD (2)
Tit (1) va (2) ta suy ra ti gidc ABCD 1a hinh vuéng.
3ai 7. Trén mit phing toa do Oxy cho diém A(-2; 1). Goi B 1a diém ddi
xing véi A qua goc toa dd O. Tim toa d$ diém C ¢é tung d6 bing 2
sao cho tam gidc ABC vudng ¢ C.
Gidi
Do B 12 diém d6i xing cia diém A(-2; 1) qua gdc toa dd O nén
B(2; -1). ' '
Goi toa dp diém C(x; 2).

— -
= CA(-2 -x;-1), CB(2 - x; -3).
DPé tam gidc ABC vudng tai C thi:

- -
CA.CB =0 <(-2-x)(2-x)+(-1)(-3)=0

& X*-4+3=0 & x=1 o x=t1
Véy ¢6 hai diém C(1; 2) va C(~1; 2) théa man.
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III. BAI TAP TUONG TU VA NANG CAO
Bai 8. Cho tam gidc ABC vudng tai A, AB = a, BC = 2a. Dua vao dir

> D = > > =
nghia cia tich v6 huéng hay tinh: AB.AC, AC.CB, AB.BC.

Bai 9. Cho tam gidc ABC véi ba trung tuyén AD, BE, CF. Ching mir

- - - - - -

ring: BC.AD + CA.BE + AB.CF =0.
Bai 10. Trong m#t phdng toa dé Oxy, cho cdc diém A(l; 1), B(2; 4
C(10; -2). Chitng minh tam gidc ABC vudng tai A. Tinh tich

- -
huéng BA.BC va tinh cosB.

Bai 11. T\t gidc ABCD c¢6 hai dudng chéo AC va BD vudng géc véi nhs
va cdt nhau tai M, P 12 trung diém doan thdng AD. Chitng mir

- - - -
ring: MP 1 BC & MA.MC = MB.MD.
IV. DAP SO VA HUONG DAN GIAI

- -
Bai 8. AB.AC =0.

- -
AC.CB = -3a2
B
AB, BC = -a’
Bai 9. Vi AD, BE, CF la cdc dudng trung tuyén nén:
—> 1.7% =% L =%, = ) T s
—(AB+AC) BE --—(BA+BC) CF E{CA+CB)
- — - -
::»BCAD+CABE+ABCF-
1.2 = - 5. = = -
= E[]3.(.‘»(1"LB-1_AC) +CA(BA+BC)+AB(CA+CB)]
1.2 =2 =5 = S S5 > S S D
= E[BC.AB-t-BC.A.C+(’:A..BA+CA.BC+AB.CA+AB.CB]
1 - = -3 = -3 = -3 = - = - —
= E[BC.AB+B(3.AC-CA.AB—AC.BC+AB.€JA-—AB.BC]
= 0.
- -
Bai 10. BA.BC =10
1
cosB = —.
J10



}ai 11. Ta co:

e A - — - —

2MP.BC =(MA + MD).(MC - MB)

- - - - - = - =
= MA.MC - MD.MB + MD.MC - MA.MB
- — - - B
= MA.MC - MD.MB
N NN /\
(vi MA.MB = MD.MC =0 do AC 1L BD) A 5 c
Nhu vay ta cé: M
o 4 —
MP L BC < MP.BC =0 P
o - =
< MA.MC - MB.MD =0 D
- - -

< MA.MC = MB.MD

§3. CAC HE THUC LUGNG TRONG
TAM GIAC VA GIAI TAM GIAC

. TOM TAT LY THUYET

1. Dinh li cosin:
Cho tam gidc ABC v6i BC = a, CA=b, AB = c, ta ¢6:
a® = b% + ¢? - 2bc.cosA
b® = a® + ¢? - 2ac.cosB
¢* = a® + b? - 2ab.cosC
T d6 ta suy ra dugc cdng thic sau:
Cong thie tinh d9 dai trung tuyén.
Goi m,, my, m, 14n lugt 1& dd dai trung tuyén tir céc dinh A, B, C
cua tam gidc ABC .
2{]:::2 + cz) ~@at ‘

2(a2 + 02) - b?

[

2 _ x
my = ’

m. =

a 4 3 4
m? = 2(&12 +b2)—c2 |
4

2. Dinh ly sin:
Cho tam gide ABC véi BC = a, AC = b, AB = ¢ va R 1a ban kinh
dudng trdn ngoai tiép ta co:
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a _ b _ ¢
 gsinA  sinB ~ sinC
3. Cong thic tinh dién tich tam gidc:
Cho tam gidc ABC ¢6 BC = a, AC = b, AB = c. Goi R va r 1an lugt
12 b4n kinh dudng trdon ngoai ti€p, ndi tiép tam gide ABC. p la nia
chu vi tam gidc, S 1a dién tich tam gidc ABC, ta c6:

= Lo = LbesinA = Leasi
S = 3 absinC = 5 besinA 5 casinB.

=2R

abe

4R

= pr.

= Jpp-ap-b)p-o.

IL. BAI TAP CAN BAN

Bai 1. Cho tam gidc vudng ABC vudng tai A, B = 58° va canh a = 72 em
Tinh €, canh b, canh ¢ va dudng cao h,..

—
—

Giai
Tacé: C =180°- (A + B)=180° - (90° + 58°) = 32°.
. . b c
Th = 2 = =
o B T sinA sinB sinC
Do ds: b= 2SINB _ 72.5in58°  72.0.8480 o) oo
gin A sin 90°
= a?inC - 72.'sin38 - 72.0,5299 ~ 38,15 (cm).
sin A 8in90° 1

Tacé: S= %bc (do tam gidc ABC vudng tai A)
1

~ 5 -61,06.38,15 = 1164,7195 (em?).
Mit khée: S = -;—ah.ﬂhn = -2-a§
= hy= 2.1164, 7195 = 32,35 (cm).
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Bai 2. Cho tam gidc ABC biét cdc canh a = 52,1cm; b = 85cm
¢ = 54cm. Tinh A, ﬁ, C.



Gidi
Theo dinh li cosin, suy ra:
b? + c® —a® _ 85° + 54 - (52,1)°

SA = = = 0,8090
* 2be 2.85.54
- A = 36°
2 . 2 1.2 2 2 _ g2
e cosB = a‘+¢c“-b _ (562,1)° + 54 - 85 ~ 02834

2ac 2.521.54
= B ~106°28'".
Suyra C =180°-(A + B)=180"-(36° + 106°28) ~ 37°32".
Bai 3. Cho tam gidc ABC ¢6 A = 120°, canh b = 8cm va ¢ = 5cm. Tinh

-

canh a va cdc goc B, C cia tam gidc dé.
Giadi
Theo dinh li cosin, ta cé:
a®=b%+c®>-2bccosA=8+5"-2.8.5.c0s120° =~ 97
= a=~985cm.
a _ b ¢
sinA sinB  sinC
bsin A N 8.sin 120°
a Y, 85
- B =44%2.
= C =180°-(A + B)=15°18.
Bai 4. Tinh dién tich tam gidc c6 so do cdc canh lan lugt 1a 7, 9 va 12.

Giai

Theo dinh Ii sin, ta c6:

Do d6 sinB = ~ (0,7034

Ta c6: p=21%+—1—2 =14

Do d6 dién tich S la:
S = Jp(p - a)p - bi(p - ¢)
= J14.(14 - 7)(14 - 9)( 14 - 12) = 31,3050 (dvdt)

Bai 5. Tam gidgc ABC c6 géc A = 120°. Tinh canh BC cho bi&t canh
AC = m va canh AB =n.
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Gidi
Theo dinh li cosin, ta cé:
BC? = AB® + AC? - 2AB.AC.cosA

=m® + n® - 2m.n.cos120° = m? + n* - m.n

Viy BC = {m? + n® - 2mn.
Bai 6. Tam gidc ABC c6 cdc canh a = 8cm, b = 10cm va ¢ = 13m.

~ a) Tam gidc d6 c6 géc ti hay khong ?
b) Tinh d6 dai trung tuyén MA cta tam gidc ABC dé.

Gidi

a) Theo dinh 1y cosin, ta cé:
2 2 2 2 2 2
cosC-:a + b -<¢ =8+10 - 13 =_i<0
2ac 2.8.10 16

= C > 90° hay tam gidc ABC c6 géc C tu.

2 2y _ 2
by Ta c6: MA? = 2AB H:C) BC

2(10° + 18?) - 82
4
= MA =~ 10,89 (cm).
Bai 7. Tinh géc 16n nhit cda tam gidc ABC biét:
a) Cdc canh a = 3cm, b = 4cm va ¢ = 6cm.
b) Cédc canh a = 40cm, b = 13cm va ¢ = 37cm.
Gidi
a) Tac6:do3<4<6néna<bc<e.
=>A<B<C
a®+b’-¢? 32+42-6°
= cosC = 2ab = e ~ —-0,3056
= C »~107°47".
b) Do 13<37<40nénb<cc<a
=>B<C<A
b® +c® -a®  13% +37% - 40?
= cosA = 2o = 213 37 = —0,0644

— A =~ 93°41",

= MA2 = = 118,5
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Bai 8. Cho tam*gidc ABC biét canh a = 137 5¢cm: B = 83% C = 57°
Giai
Tacd: A = 180°- (B + C)= 180" - (83° + 57°) = 40°,

Theo dinh li ham sin, ta cé:
a _ b _ ¢
sinA sinB  sinC
asinB _ 137,5.5in 83°

Do dé: b= — , xs 215,46 (em).
sin A sin 40°
= a_smC _ 137,5.sin 57 ~ 179,40 (cm).
sin A sin 40°

Bai 9. Cho hinh binh hanh ABCD ¢6 AB = a, BC = b, BD = m va
AC = n. Chitng minh riing m® + n® = 2(a® + b?).
Giai

Trong tam gidc ABD ta c6:

BD? = AB? + AD? - 2.AB.AD.cosBAD
& m?=a?+b? - 2abcos BAD (1) B C
Trong tam gidc ABC ta c6:

AC? = BA? 4+ BC? - 2BA.BC.cos ABC

& n®=a’+b?- 2abcos ABC (2)
ma ABC + BAD = 180° A D
—  cosABC = -cosBAD (3)

Tit (1), (2) va (3) suy ra: m? + n® = 2(a® + b?).
Bai 10. Hai chiéc tau thuy P va Q céch nhau 300m. Tt P va Q thing
hang véi chdn A cta thdp hai dang éB ¢ trén by bién ngudi ta nhin

chidu cao AB ca thdp du6i géc BPA = 35° va BQA = 48°. Tinh
chiéu cao ciia thép.
Gidi
Xét tam gidc PQB c6:
P =35°, PQB =132°
= PBQ = 180° - (35° + 132°) = 13°
Theo dinh 1y sin cé:
QB _ PQ

sin35°  sin 13°

PA35° /)48 JA

—
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PQ.sin35° _ 300.sin35°

= BQ = _ R ~ 764,93cm.
sin13° sin 13°
Xét tam gidc QBA ta c6:
QBA = 180° - (48° + 90°) = 42°
Theo dinh ly sin ta cé:
- o - o
AB _ BQ — AB = BQ.sin 48 o 764,93.sin 48
sin 48° sin 90° - _5in90° sin 90°

Vay AB =~ 568,45 (m).
Bai 11. Mudn do chiéu cao cia Thdp Cham Por KLong Garai ¢ Ninl
Thuén ngudi ta 14y hai diém A va B trén m#it ddt c6 khodng cécl
AB = 12m cing n3m thing hang v6i chan C cia thap dé dat hai g6
ké&. Chan cta géc k& c6 chiéu cao h = 1,3m. Goi D 1a dinh thép vi
hai diém A,, B, cing thdng hang véi C;, thudc chidu cao CD cu:
thép. Ngudi ta do duge DA,C, = 49° va DB,C, = 35°. Tinh chidu ca:
CD = CC; + C;D cua thép dé.
Gidi
Ta c6: DA,C, =49° D
= A,DB, = 180° - (131° + 35%
= 14°
* Xét tam gidc DA,B;, theo dinh If sin:
DA, _ ApB,

Tach: —— = ——=— 0.
sinDB,A, sinA,DB, O 49° (35 B,
12.sin 35° cll3 2y Ly,
= DA; = —=212°9 . 2845 (m)- A12m
sin 14°

Xét tam giéc DC1A1 ta cé:

C,DA, =90° - 49° = 41°
Theo dinh li sin ta duge:

DC, _ DA,

sin DA,C, " 8in90°

DA,.sinDA,C,  28,45.sin49°
sin 90° - 1

V4y chiéu cao cta thép:

CD=CC; +C;D =1,3 + 21,47 = 22,77 (m).

~ =>DC= ~ 21,47 (m)
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L. BAI TAP TUONG TU VA NANG CAO
Bai 12. Cho tam gidc ABC, c6 b =7, c =5 va a = g Tinh h, va b&n

kinh dudng tron ngoai tiép R.
Bai 13. Tam gidc ABC c6 AB = 8 AC = 9, BC = 10. M4t diém M nam
trén canh BC sao cho BM = 7. Tinh d9 dai doan thing AM.
Bai 14. Cho tam gidc ABC. Ching minh ring:
1 1

a)Né’ub+c=2ath‘1h£=h—b +h—.

b) Né&u be = a® thi sinA.sinB = sin®A va hyh, = h?.
Bai 15%. Ching minh ring trong tam giac ABC ta cb:
a’ +b? + ¢’

cotA + cotB + cotC = R
abc

Bai 16. Chiing minh ring hai trung tuyén ké t& B va C cda tam gidc
vudng goéc véi nhau khi va chi khi c6 hé thic sau:
cotA = 2(cotB + cotC)

c

Iv. DAP SO VA HUGNG DAN GIAI
Bai 12. R = .5—2‘/:
Bai 13. AM = 3./6,1.
Bai 14. |
a) Theo cong thic tinh dién tich ta cé:
a= ..2_81 . b= _2§ . c= ,2_§
" h,” " h’ h,

Bdi vy néu 2a = b + ¢ thi:
48 28 28 2 1 1

+ —hay — = — + —.
h, hb h, 0 h, b, @ h

b) Tit be = a® suy ra 2R.sinB.2R.sinC = (2RsinA)®
- Vay sinB.sinC = sin®A.

Titbc—a cling suy ra -42§ —2§ = {?-S—}

Vay: hph, = h2.
Bai 15. T dinh li cosin ta c6:
b + ¢ —a’ . a
SInA = —.

A :
cos %bc 2R
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b? + ¢? - a®

A b b? + ¢? - a*

Suy ra: cotA = == - 2be R.
Y S B sin A a abc

2R :

2 ., .2 2 2 12 2

Tu.rorngin.,r,1:5.:::13:1:{%]3:a #e =B R; cotC = 8 B —e R.

abc abce

2 2 2

Ta ¢6 dugc: cotA + cotB + cotC = & tbire R.

abc
Bai 16. Goi G 1a trong tdm tam giaic ABC.

Khid6 GBLGC <« a’= —(m,,+m,,)

(a2 +c2 l}i aZ +b%  ¢?)

9a° =4 s 2 _-p? 2
& 9a° L 1 + 2 1 o ba‘=b"+¢
Ping thiic cotA = 2(cotB + cotC)
b? + ¢? - a* (a? + ¢ - b2 a® + b* -
R=2 R+ R ail
2bc k abc abc J(theo b 15)

ob?+c?=5a’ < GB.LGC.

) ON TAP CHUONG 11
L TOM TAT LY THUYET

1. Gi4 tri lugng gide ctia mft géc a bit ki véi 0° < a < 180°

2. Tich vé huéng cta hai vectd
— Hai géc bi nhau ¢6 sin bdng nhau; ¢dn cosin, tang, cotang clia
ching d8i nhau.

- Tich vd huéng a.b cia hai vecto avab dugc tinh béi:
2. - |;|.|g|.cos(;, i;)

— Céc tinh chét:
=5 =b =k
Lot = bow
2. (ka).b = k(;.i;)
3. A+ )= a-b ¥ B.06
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=

- Néu ; = (X35 Y1); g = (X2; y2) thi ;. b = X1X2 + y1ye.
3. Dinh li cosin trong tam giic

a’=b®+c®* - 2bccosA

b%=a®+c®-2accosB

c=a’+b*-2ab cosC

4. Pinh li sin trong tam giac

si: A si:B = si:: G = 2R (R 1a ban kinh dudng trdon ngoai ti€p
tam giac).
5. Cong thdctrung tuyén
2 4 ¢?)-a? 2 2y 1.2
mg___z(b +¢“) a; m§=2(a+c) b,
4 4
2 2y _ .2
m? = 2(a +: )-¢ .

6. Cong thuc tinh dién tich tam giac

1 1 1
2& 2bhb 26

1 . 1 - 1 -
==-ab C== nA = ZacsinB
> sin 2bc31 2& in

_ abe
4R
— pr
= Jp(p - a)p -‘b)(p -¢) trongdé p= i%ﬁ

IL. BAI TAP CO BAN

Bai 1. Hay nhdc lai dinh nghia gid tri lugng gidc cda mdt géc a véi
0° < a < 180°. Tai sao khi o 1a géc nhon thi gi4 tri lugng gidc nay lai
chinh 1a céc ti s3 lugng gidc (dd dugdhoc & 16p 9).

Bai 2. Tai sao hai géc bii nhau lai ¢6 sin bing nhau va cosin déi nhau ?
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Gidi -
Cho hai géc o va 180° - a.

Goi.M va M’ l4n lugt 12 hai diém trén nita dudng trbn don vi sao cho
xOM = o vd xOM = 180° - c. - VoA

= M'va M' déi xiing nhau qua truc Oy.

= Tung d9 cta hai diém M va M’ biing nhau cdn hoanh d9 clia hai
diém M va M’ thi d8i nhau hay hai géc bl nhau ¢6 sin biing nhau va
cosin d6i nhau.

Bai 3. Nhic lai dinh nghia tich vd hu6ng cia hai vecto a va b. Tich vd

huéng'ndy véi | a | va | b | khong d8i dat gi tri 16n nh&t va nhd
nhét khi nao ? '

Gidi
e Tich vﬁ\ im’ﬁng cua hai vecto 2 va-t-;‘la:
=lal.lbl. cos(;,g)
. V61|a| | b | khong déi.
= a. bdatglémldnnhﬁtklnvachikhlcos(a b)ldnnhﬁt

¢=>c03(a, b)=1<::>(a, b)=0°hay a va b 12 hai vecto ciing
phuong. )

a va b dat gié tri nhé nhdt < cos(a, b) nhd nhét
& cos(a, b) =-1
=3 (:, b) = 180°
hay a va b 12 hai vecto nguge huéng.
Bai 4. Trong hé toa 49 Oxy cho vecto :(—3; 1) va vecto 3[2; 2), hay
tinh tich v huéng a.b.
Gidi

- - :
a.b=-3.2+1.2=-4.

Bai 5. Hay nhdc lai dinh If cosin trong tam gidc. Tir h¢ thic nay hay
tinh cos A, cos B va cos C theo céc canh cia tam giéc.
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‘ Gidi

Cho tam gidc ABC ¢6 AB =c¢, BC = a, AC = b. Khi d6:
a?=b%+c®-2beccosA
b?=a®+c¢*-2accosB
c2=a’+b%’-2ab cosC.

Do d6:

b? + ¢? - a? a? +c? - b? a? + b? - ¢?
;c08 B=—————— ;c0sC = .
2be 2ac 2ab

Bai 6. Tir hé thidc a®> = b® + ¢® - 2 b ¢ cosA trong tam gidc, hdy suy ra
dinh li Pitago.

cos A =

Giai
Tir hé thic a® = b? + ¢® — 2bc.cosA
Né&u A =90°=>cosA =0
= a? = b? + ¢? (dinh i Pitago)

Bai 7. Dua vao dinh li sin chirng minh ring véi moi tam gide ABC, ta c6
a=2RsinA b=2RsinB, ¢c=2R sinC.

Gidi
< a . b c
Tir d & s = = 2R
b lf sin sinA sinB sinC
a
- = 2R
sin A a=2RsinA
= e ,bB=2R = b=2RsinB
sn: ¢=2RsinC
= 2R
| 5inC

Bai 8. Cho tam gidc ABC. Ching minh ring:
a) G6c A nhon khi va chi khi a2 < b® 4 ¢
b) Géc A ti khi va chi khi a® > b? + ¢
¢) Géc A vudng khi va chi khi a® = b? + ¢
Gidi

Theo dinh 1i cosin, ta ¢6: a® = b? + ¢ - 2 b ¢ cosA.
a) GcAnhon =cosA>0 =2bccosA>0

= b’+c®-2bccosA<b?®+c®haya®<b’+c?



b) Géc A tu =cos A<0 =2bccosA<0
= b +c*-2bccos A>Db®+cthaya’s>b®+c?
¢c) Géc Avudng = cos A=0 =2bccosA=0
= b®+c¢®-2bccos A=b®+c?haya’=b’+c
Bai 9. Cho tam gidc ABC ¢6 A = 60°, BC = 6. Tinh b4n kinh dudn,
tron ngoai tiép tam gidc d6.

Giai
Theo dinh li sin, ta cé:
a a 6
— 2R R = = = 2 3 .
oA = Beek - damgy ~ 28

Bai 10. Cho tam gidc ABC c¢6 a = 12, b = 16, ¢ = 20. Tinh dién tich S ci:
tam giéc, c@jjéu cao h,, cdc ban kinh R, r clia dudng trdn ngoai tiép, nd
ti€p tam gidc va dudng trung tuyén m, cia tam giéc.

Gidi
Tacé: p= a+:+c = 12+126+20 = 24, suy ra:

Dién tich S tam giéc:
S = Jp(p —a)(p - b)p - ¢)
= J24(24 -12)(24 - 16)(24 - 20) = 96 (don vi dién tich)
1 2S5 2.96

Tﬂlglﬂé S=Eaha = hi=T=_§_=16
be abc _ 12.16.20
T - = a— = = =
acb S iR .=>R 1S .06 10
Matkhde S =pr. V&yr=§=%=4.
p 24

Theo cong thic trung tuyén:
o’ 4 -al _ 2(16% + 207) - 122
4 4
Vay m, = 17,09.
Bai 11. Trong tap hop cdc tam gidc ¢6 hai canh a va b, tim tam gidc cd
dién tich 16n nhAt.
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Gigi
Ta ¢6: S=%absinC — S16nnhit o sinC l6n nhdt

& sinC=1 hay C = 90°
VAy trong tdp tam gidc c¢6 hai canh a va b, tam gidc vudng tai C cé
dién tich 16n nhat.
Bai 12. Cho tam gidc ABC ¢6 BC = 3, CA = b, AB = ¢. Hay tinh cdc géc
cua tam gidc do.

Giai
Ta ¢6 :
2 9. .2
cosA=b+.c a;
2bc
2 2 1.2
cosB:a +cC b;
2ac
2 2 2
a‘ +b“ -c
cos C = .
2ab

CAU HOI TRAC NGHIEM

1. Cho géc o = 150°, Trong céc gid tri lugng gidc sau day clha géc a, gid
tri nao la ding?

a) sinl50° = ——‘/2-_3— b) cos150° = %5-
¢) tan150° = "Jl‘—g d) cot150° = 3

2. Cho a va B 1a hai géc b nhau. Trong céc hé thitc sau day, hd ++
nao sai?
a) sina = sinf b) cosat = —cosp
¢) tana = —tanP d) cota = cotf

8. Cho a va B 1a cdc géc tu trong d6 o < . Piéu khing dinh nao sau day
1a ding?

a) sina < sinf b) cosa < cosf3
¢) tana < 0 d) cota > 0
4. Trong cac khdng dinh sau day, khang dinh nao sai?
" a) cos45° = sin45° b) co45° = sin135°
¢) cos30° = sin120° d) sin60” = cos120°
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5. Cho hai géc nhon o va B trong d6 o < B. Khdng dinh nao sau day la
sai?
a) cosa < cosf b) sina < sinf
¢) cosa = sinf < o + B = 90° d) tana + tanp > 0

6. Tam gidc ABC vudng & A va c6 géc B = 30° . Khidng dinh nao sau
day la sai?

a) cosB = 71_3_ b) sinC = g
¢) cosC = 1 d) sinB = 1
2 2

7. Tam gidc déu ABC c¢6 dudng cao AH. Khdng dinh nao sau day la
ding?

.= 3 i
a) sinBAH = — b) cosBAH = —
1 2 ) J§
¢) sin ABC = _‘? d) sin AHC = %
8. Didu khing dinh nao sau day la ding? g

a) sina = sin(180° - o)

b) cosa = cos(180° — a)

¢) tan 45° = tan 180°

d) Khi gée o ting dén tir 0° d&n 180"tlﬂcosacungténgd§nlénm..1.
9. Tim khing dinh sai trong cdc khdng dinh sau day:

a) cos35° > cosl0’ b) sin60° < sin80°
¢) tan45° < tan60° d) cos45° = s8in45°
10. Tam gidc ABC vudng &,A va c6 gbc B = 50°. Khi d6 ta cé:
- — - - |
a) (AB; BC) = 130° b) (BC; AC) = 40°
- - - =
c) (AB; CB) = 50° ' d) (AC; CB) = 120° )

DPiéu khédng dinh nao trén day la sai?

11. Cho a va b la hai vecto cung huéng va déu khéc, vecto 0. Trong
cdc két qua sau ddy, hay chon két qua ding.

aya.bw=lallbl ) a.b =0
o mb =l & b m=la B
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12. Tam gidc ABC vudng can tai A c¢6 AB = AC = 30cm. Hai dudng trung
tuyén BF va CE c#t nhau tai G. Dién tich tam gidc GFC 1a mdt
trong cdc két qua sau:

a) 50cm? b) 50+/2 ¢cm?
¢) 75cm? d) 15105 em®

13. Ein gidc ﬂc vudng tai A ¢6 AB = 5cm, BC = 13cm. Goi géc
ABC = o, ACB = B. Hay chon mdt trong cdc két ludn sau day:
a)B>a b)B<a
cB=a d) Khong so sanh duge dd 16n hai géc.
14. Cho géc xOy = 30°. Goi A va B 14 hai diém di dong l4n lugt trén Ox

va Oy sao cho AB = 1. P dai 1¢n nhit cia doan OB bing mdt trong
cac k&t qua sau day:

a) 1,5 b) V3 ¢) 242 d) 2

15. Tam gidc ABC c6 BC = a, CA = b, AB = c. Ménh dé nao sau day la
ding?
a) Néu b? + ¢® — a? > 0 thi géc A nhon;
b) Néu-b® + ¢ — a® > 0 thi géc A ti;
¢) Néu b? + ¢® — a? < 0 thi géc A nhon;
d) Néu b? + ¢® - a® < 0 thi géc A vudng.

16. Pudng tron tdm O c¢6 ban kinh R = 15cm. Goi P 14 mdt diém céch
tdm O mot khodng PO = 9em. Day cung di qua P va vudng géc véi
PO c6 d6 dai 1a mot trong cdc két qua sau day:

a) 22cm b) 23cm ¢) 24cm d) 25em

17. Tam gifc ABC c¢6 AB = 8cm, AC = 18cm va c6 dién tich bing 64cm”.
G6c A ciia tam gidc c6 gid tri sinA lay trong cdc gid tri nao sau day?

a) ‘—?— b) g 0% a5

18. Hai géc o vA B phu nhau nghia 1a B + o = 90°. Khi d6 ta ¢6:
a) sina = —cosp b) cosa = sinB
¢) tana = cosP . d) cota = tanp

Hé thic nao trén day la sai?
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19. B4t ddng thic nao dudi day la ding?

a) sin90° < sin150° b) sin90°15' < sin90°30’
¢) c0s90°30' > cos100° d) cos150° > cos120°
20. Cho tam gidc ABC vudng tai A. Khdng dinh nao sau day la sai?
- — - - - — - -
a) AB.AC < BA.BC b) AC.CB < AC.BC
> - - — = = - —
¢) AB.BC < CA.CB d) AC.BC < BC.AB

21. Tam gidc ABC ¢6 AB = 4cm, BC = 7cm, CA = 9cm. Gié tri cosA la

mdt trong cdc két qui nio sau diy:
2 1 2 1
& 2 2 d) =
a) = b) = c) 3 ) 2

22. Cho hai diém A =(1:2)va B (:3; 4). Gi4 tri caa AB’ 1a mdt trong céc
két qua nao sau day:

a) 4 b) 42 c) 62 d) 8

28. Cho hai vecto a = (4; 3) va b = (1; 7). Géc giita hai vecto a va b la
mot trong cdc gia tri sau day:
a) 90° : b) 60° c) 45° d) 30°
24. Cho hai diém M(1; -2) va N(-3; 4). Khoang c4ch giita hai diém M va
N 12 mjt trong céc két qua sau day:
a) 4 b) 6 036 . d)2Vi3
25. Tam gide ABC ¢6 A =(-1; 1), B = (1; 3) va C = (1; -1). Trong cédc
phét biéu sau ddy, hay chon cédch phat biéu ding:
a) ABC la tam gidc ¢6 ba canh bing nhau; . A
b) ABC 1a tam gidc c6 ba géc déu nhon; |
¢) ABC 1a tam gidccén tai B (c6 BA = BC)
d) ABC la tam gidc vudng cén tai A. ,
26. Tam gidc ABC c¢6 A = (10; 5), B = (3; 2) va C = (6; -5). Hay xét xem
khidng dinh nao sau day la ding? ;
a) ABC la tam gidc déu;
b) ABC la tam gidc vudng cln tai B; .
c) ABC la tam gidc vudng can tai A;
d) ABC la tam gidc c6 géc tu tai A.
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27. Tam gide ABC vudng can tai A va noi tiép trong dudng tron tdm O
ban kinh R. Goi r 1a ban kinh dugng tron ndi tiép tam gide ABC.

Khi d6 ta ¢6 ti sé R bang mot trong cac gia tri sau day:
r

2 +42 CJJL—’PI” 1++2
2

a)l + 2 b) d)

2 2
28. Tam gidc ABC c6 AB = 4cm, AC = 8em va dudng trung tuyén
 AM = 3cm. Khi d6é canh BC cta tam gidc ¢6 do dai 1a mdt trong cédc
két qua sau:
a) 26 cm b) 2/31cm c) 9cm d) (4 + 2413 )em
29. Tam gidc ABC ¢6 BC =a, CA =b, AB = ¢ va ¢6 dién tich S. Néu tang
canh BC 1én 2 l4n dong thdi ting canh CA lén 3 1an va giif nguyén
d9 16n cha géc C thi khi d6 dién tich cha tam gidec méi duge tao nén
sé 1a mdt trong céc gia tri sau:
a) 28 b) 3S c) 4S8 d) 6S
80. Tam gidc déu DEF c6 ba dinh D, E, F lan lugt ndm trén ba canh BC,
CA, AB cta tam gidc déu ABC sao cho DE L BC. Khi d6 ti s& dién
tich cia tam gidc DEF va tam gidc ABC sé la mét trong cac gid tri

sau.
1 1 1
a)z b)§ e) = d)é
Gidi
Chu | 1 | 2 | 8 | 4| 5 | 6 |7 (8|8 [10|1[12]|]18)|14]15
Bip

in
Cdm |18 | 17 ( 18 | 18 | 20 | 21 | 22 | 23 | 24 | 25 | 26 | 27 |28 | 20 | 30

Bip
e | 4| a|ec| 0|2 |d|c|d|d]b]a|b]|d]|D
in .
Cau 1. Ta cé:
'e,inl50“'=$in30"=l
° 5 taniB0® = ——
J3 ' J3

cos150° = - cos 30° = - 5

= Pédp 4n c 12 cin tim.
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- CAu2.Tacé:a +p=180°
sina = sin(180° - B) = sinf

= Pdp 4n d 12 cdn tim.
cosa = cos(180° - B) = — cosf

CAu 3. Do a, B tu, o < B = sina > sinf3 > 0 va 0 > cosa > cosP
= D4p 4n c 12 cln tim.

Céu 4. Ta c6: sin45° = 12_2— = c0845°, 8in45° = 5in135°, cos30° = [?i

2 ]
V3

sin120° = 5in60° = -, cos120° = —c0s60° = _%

= DPép 4n d )2 cén tim.

0 <sina <sinf

CﬁuB.Doa<B<90°=>{ = Dép 4n a 12 cédn tim.

cosa > cosfP >0
Céu 6. Do ABC vudng, B =30°= C =60°

Ma cosB = c0s30° = g = Dép 4n a la cdn tim.

Céu 7. Do tam gidc ABC déu, AH l1a dudng cao
= BAH = 30°, ABC = 60°, AHC = 90°

| = Dép 4n c 12 cin tim.

CAu 8. Ta ¢6 « va 180° — a 1a bu nhau
= sina = sin(180° - a); cosa = —0s(180° — o)
= P4p 4n a 12 céin tim.

Cau9.0°<a<p<90°
V2

= sina < sinf, cosa > cosp, c0s45° = sind5° = o

= Dép 4n a 1a cén tim.
Cau 10. Do tam gidc ABC vuéng tai Ava B =50°> C = 40°

= (AC;CB) + G = 180° = (AC; CB) = 140° = 120°
= DPédp 4n sai 1a d.
Céu11. Do a - b i& hai vecto cing hudng va khéc 0
= a.b =Tal)

=> Dé4p 4n a 1a cén tim.
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bﬁu 12. Ta c6: Suasc = %AB.AC = %.30.30 = 450 (cm?®)

Goi H la chdn dudng vudng géc ha tir G 1a AB.

AAEC o» AHEG B
_ EG _ 4G
EC = AC
HG _ 1 . HG =10em B
30 3
HE g
1 AB
= dudng tron(AEGB) = E?GH
A F C
=130 56 _ 75em?
22

= D4p 4n c 12 c4n tim.
Céu 13. Do AABC vudng tai A va BC = 13cm, AB = 5cm
= AC = /132 - 5% = 12cm
=>AB<AC =B<a
Viy dép én c 1a cAn tim.

Cau 14. Dt OB = x. Xét tam gidc OAB, ta c6: —o0 OB

sin AOB - 8in ()TB

l o ® s x=2inAs2
sin 30° sin A
Vay OB 16n nhét bing 2 khi A = 90°. Vay dép 4n d 1a cén tim.

Céau 15. Cho tam gidc ABC, BC = a, AC = b, AB = ¢, theo dinh Ii cosin:

2

b% +c® -a
2bc
N&u b? + ¢~ a? > 0 = cosA 5 0 = A nhon.

Vay dép 4n a 12 cén tim.

Céu 16. Goi A, B 12 diém ma duyng thing qua P vubng géc véi OP véi
dudng tron.

= AB = 2AP = 2,/A0? - PO* =2/157 - 9* =24
VAy ddp 4n c 12 cdn tim.
Cau 17. Ta c6 tam gidc ABC la:

B0 -%AB.AC.sinA

cosA =



. 2.8 2.64 8
nik = AABC _ _8
= 8 AB.AC 818 9

Vay d4p 4n d 1a cén tim.
Caul8.Doa+pB=90"=0°<a<90°%0°< B <90°
= sina, sinf, cosp, cosa cing ddu duong.
= sina = —cosf 12 sai.
V4y ddp 4n sai 13 a.
Céu 19. Ta c6: v4i 90° < a, B < 180° thi sina > sinf, cosa > cosf
Véy ddp 4n c 1a cén tim.
Céu 20. Do tam gidc ABC vudng tai A = B < 90°, C < 90°

o -

= AC.BC = CA.CB = |[CA||CB|cosC >0
- - - — - - ~

= BC.AB = -BC.BA = —|BC|[BAlcos B > 0
- — - >

= AC.BC < BC.AB la sai.
VAy d4p 4n d 1a cédn tim.

Céu 21. Theo dinh ly cosin, ta cé:

b? +c? -a®  AC?* + AB* -BC* 9% +4% -7
2bc 2AC.AB T 294

= CoSA = % Véy dép 4n a 1a can tim,

COSA =

—> — 2
Cdu 22. Tacé: AB =(2;2)=> AB =22+22=8
Vay ddp 4n d 12 cdn tim.
Céau 23. P4p 4n c 12 cén tim.

. —»
Céu 24. Ta c6: MN = (-4; 6)
_.’
= MN = [MN] = (-4 + 6® = J16+ 36 = 52 =213
Véy d4p 4n d 14 cdn tim.
— -
Céu 25. Ta c6: AB =(2;2) = AB = |AB| = /22 + 2> = B
- —
AC =(2;-2) > AC = |AC| = 2% + (-2)® =
._..)
BC = (0; -4) = BC = [BC| = /0% + (-4 = 16
AB = AC = AABC can.
Mat khéc: AB® + AC® = 8 + 6 - 16 = BC®

= Tam gidc ABC vudng cén.
VAy d4p 4n b 12 cdn tim.
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Cau 26. P4dp'4n b 12 cin tim.
Cau 27. Do tam giadc vudng can ABC tai A ndi tiép duong tron ban kinh
R.
= AB = AC =RV2,BC = 2R =>P=(01+V2)R
Ta cé: Spasc = %AB.AC=R2=pr = i. =1+ 2
r
VAy déap 4n a la can tim.
Cau 28. Ta cé:
Az - AB® + AC®  BC?
2 4
= BC? = 2(AB? + AC?) - 4AM? = 2(4% + 8% - 4.3% = 124
= BC = 124 '
Vay dép 4n b 1a can tim.
Cau 29. Ta cé:

Spasc = S = —;-AC.CB.sinC - %a.b.sinc
Néu tang BC 1én 2 ldn, CA lén 3 l4n va gilf nguyén géc C ta dugc
tam gidc mGi A’'B'C va

Susc = 3 CA'CB'sinC = -.8b.2c5inC = 6. -.ab.sinC

= Spamc = 6Spsc
Véy dép 4n d 12 cdn tim.
Jdu 30. Do AABC déu ma ED 1 BC

= EC = 2DC = %AC
va ABFD, AFEA la c4c tam gidc vudng tai F va E

2 2
— ED = JEC? - DC? =J@aJ_(%a] _

Ti 5 dign tich cila DEF va ABCa - |
Véy dép 4n b 1a cAn tim. B D

II. BAI TAP TUONG TU VA NANG CAO

3ai 18. Ching minh réng trong moi tam gidc ABC:
b?® - ¢® = a(bcosC - cgosB)
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Bai 14. Tinh dién tich tam gidc ABC bié€t BC =.a, A = a va hai trung
tuyén BM, CN vudng gbéec véi nhau.
’ 5J_

Bai 15. Cho tam gidc ABC ¢6 A =60° a=10,r = .Tinh R, b, .

Bai 16. Cho tam giac ABC. Tim quy tich cdc diém M sao cho:
- 2 3 -
AB.AM = AB.AC
Bai 17. Cho hinh thang vuéng ABCD, dutdng cao AB = 2R, ddy 16n
BC = 3a, ddy nhé AD = 2a.
- 5 o - - —
a) Tinh cdc tich v6 huéng AB.CD, BD.BC va AC.BD.
- -
b) Goi I 12 trung diém cta CD, tinh AI.BD. Suy ra goc cia Al va BD.
Bai 18*. Cho tam gidc ABC, G la trong tdm. Chidng minh r3ng:
N T T SR S
a) MA.BC + MB.CA + MC.AB = 0.
b) MA? + MB? + MC? = 3MC? + GA? + GB? + GC? v6i M 1a diém tuy

¥. Suy ra vi tri cia diém M dé MA? + MB? + MC? dat gid tri nhé
nhét.

IV. DAP SO VA HUONG DAN GIAI

Bai 13.
Theo dinh Ii cosin: a® + b? — ¢ = 2ab.cosC, a? + ¢? — b? = 2ac.cosB
Vay a(b.cosC - c.cosB) = b® - ¢

Bail4d., S-= %bcsina = a-ztanot.

Bai1s. R=2

J3
b=c=10.
Bai 16.
- 5> 5 — N S G |
Tacé: AB.AM=AB.AC = AB(AM-AC) =0
- =
Hay AB.CM = 0.

Vay M thay d6i sao cho CM L' AB, suy ra quj‘: tich M la dudng
théng di qua C va vudng géc véi AB.
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Bai 17.
) —> —> —>
a) Chiéu vecto CD 1én AB ta dugc BA.
- = - — )
Do dé: AB.CD = AB.BA = -AB? = 43 A 2a D K

, -~y —>
Chiéu vecto BD lén BC |
— — 2a
ta dugc vecto BH = AD
Do d6: BD.BC = BH.BC = 3a’
0 . - = . = Jda
- B H %

Khi dé:
AC BD = (AB + BC)

§¢
gi
=1
+

0w

(@]
ws)
o

—3
Ma BC BD = 3a’ va AB.BD = AB.BA = -4a°

Do 46: AC.BD:
- -5
b) Thay Al = =(AC + AD) va BD - AB
- - -
Ta c6: AI.BD = —(AC + ADXAD - AB)
1.2 2 = =2 22 5 o
=—2-(AC AD - AC.AB+ AD - AD.AB)
[ —> — -
AC.AD = AK.AD = 3a®
-
Ma J AC.AB = 4a*
AD? = a*

- <5
Do d6: AI.BD =0
Suy ra gé6c cia Al va BD 1a 90°.
Bai 18*. -
> - - - -
a) Tac6: MA.BC = MA(MC MB) MA.M C MA.MB
- —
MB.CA = MB.MA - MB.MC
> — > = 9 o
MC.AB = MB.MC - MC.MA
Cong v& v6i vé& ba ding thic trén ta duge diéu phai ching minh.
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b) Ta cé:

— 2 — — S
MA? = MA = (MG + GA)? = MG? + GA? + 2MG.GA

g = N 9 9 - -
MB* = (MG + GB)* = MG* + GB* + 2MG.GB

s S = 2 2 o=
MC* = (MG + GC)* = MG” + GC* + 2MG.GC

Cong v& v6i v€ ba ding thic trén ta duge:
MA? + MB? + MC? =
T T
= 3MG? + GA? + GB® + GC? + 2MG(GA + GB + GC)

—

— —> —
Vi GA+GB+GC=0
Do vay: MA? + MB? + MC? = 3MG? + GA? + GB? + GC?(1)

Theo (1) tdng: MA? + MB? + MC? dat gi4 tri nhé nh&t kk
MG=0tdc M =G.

6a
ba M




CHUONG III: PHUONG PHAP TOA PO
TRONG MAT PHANG

§1. PIIUVONG TRINH DUONG THANG

. TOM TAT LY THUYET

1. Vectd chi phuong ciia dudng thang

Dinh nghia: Vecto u # 0 duge goi la vecto chi phuong cta dudng
thing A néu u khdc 0 va gia cua a song song hodc trung vdi A.
2. Phuong trinh tham s cta duong thing

a) Phuong trinh tham sé cia dudng thang A qua Mo(xo, yo) va c6

. . X =Xy + tuy
mot vecto chi phuong d(u,; us) 1 J
P PRy =y + tug

b) Phuong trinh chinh tdc cia dudng thdng A qua Mo(xo; yo) va ¢6

mot vecto chi phuong G(u,; ug):
X - - _
x{l:y yo(u%.,.ugae())
Uy Uz

3. Vectd phédp tuyén ctia dudng thing

(u¥ 4 uZ=0)

Pinh nghia: Vecto u dugc goi 1a vecto phap tuyén cia dudng thing A

néuu # 0 va ; vudng goc véi vectd chi phuong cia dudng thing A.
4. Phudng trinh téng quat ctia dudng thing
Phuong trinh dudng thidng qua My(xy; yo) va ¢6 mot vects phép

tuyén :(a; b) la: a(x - xp) + b(y - yo) = 0, néu dit ¢ = —axp — by, thi
phuong trinh: ax + by + ¢ = 0 goi 1a phuong trinh tdng quédt cda dudng
thdng dé.
5. Vi tri tuong ddi cua hai dudng thing
ChoAyax+by+ci=0vaAgaxx +by +¢2=0
Toa d giao diém (néu c6) cia A,,A, 1a nghiém hé
{alx by re =0 (I) tir dé ta c6 két qua sau:
a8sX + bey + ¢ =0

~ Hé (I) c6 mét nghiém < A, cdt A,.
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— Heé (I) vd nghiém ¢> M 1] As.
— Heé (I) c6 vd s8 nghiém < A, = A,.
6. Géc gita hai dudng thing
Cho Ay: a;x + byy + ¢; = 0, Ay: azx + bay + ¢; = 0 dat ¢ = (Ay, A) tacé:

’

cosQ = 13132 + h1b2|

a + by - /a2 + b}
7. Cong thie tinh khoang cdch
Cho A: ax + by + ¢ = 0 va My(x; yo) ta c6:

d(Mo; A) = [axo + by, + ¢f
a? + b?

II. BAI TAP CAN BAN

Bai 1. Lip phuong trinh tham sd va phuong trinh chinh tdc cGa dudn;
thing d trong mdi trudng hop sau:

a) d di qua dié'm M (2; 1) v& c6 vecto chi phuong :(3; 4).
b) d di qua diém M (-2; 3) va c6 vecto phdp tuyén 1a :(5; 1).
Gidi

a) Phuong trinh tham s8 d qua M(2, 1) ¢6 vecto chi phuong :(3; 4) i

_ x=2+3t E x-2 y-1
{y=1+4t,phuu'ngtrinhch1nhtﬁcd1& S

b) Do d qua M(-2; 3) vA ¢6 mdt vecto phédp tuyén :(5; 1)
Vayd: 5(x+2)+(y~3)=0hayd: 5x+y+7=0

Bai 2. Lap phuong trinh téng quét cia dudng thing A trong mdi trudng
hgp sau:

a) A di qua M(-5; -8) va c6 hé sd géc k = -3.
b) A di qua hai diém A (2; 1) va B (-4; 5).

Giai
a) Pudng thdng A qua M(-5; -8) va c6 hé s8 géc k = -3 c6 phuong
trinh: y = -3(x +5) -8 hay A: -3x -y -23 = 0.
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_)
b) Ta c6 AB(-6; 4) 1a vecto chi phuong cia A

= 3(2; 3) 1a mgt vecto phép tuyén cla A
. 2A2x-2)+3(y-1)=0hay A:2x+3y-7=0.
Bai 3. Cho tam gide ABC, biét A(1; 4), B(3; -1) va C(6; 2).
a) Lap phuong trinh t6ng quit cia duong thing AB, BC va AC.
b) Lap phuong trinh tham s& cla dudng cao AH va trung tuyén AM.

Gidi
-> —
a) Ta c6 AB(2; -5) suy ra u(5; 2) 1a mot vecto phdp tuyén cta (AB)
= (AB):5(x-1)+2y-4)=0
hay (AB): 6x +2y - 13 = 0.

Tuong tu ta tim duge (BC): x -y -4 =0,
(AC): 2x + 5y - 22 = 0.

.—) 2
b) Pudng cao (AH) cia tam gidc ABC nhidn BC(3; 3) l1am vecto phdp
tuyén = (AH) nhén :(—1; 1) lam vecto chi phuong

= (AH):{,‘:l-t
y=4+t

3ai 4. Vi€t phuong trinh tdng qudt cia duong thidng di qua diém
M(4; 0) va N(0; -1).
Giai
--..’
Ta ¢6 MN (-4; 1) 12 vecto chi phuong cha dudng thing (MN)

= n(1; ~4) 12 mdt vecto phép tuyén cia (MN)

= (MN): 1(x-4)-4(y-0)=0

hay (MN):x-4y-4=0
3ai 5. Xét vi tri tuong d8i cha cdc dutng thing sau:

a)d;:4x—-10y +1=0 va dyx+y+2=0

x=5+1t
y=3+2t
X=-6+5t
y=6-4t

b)d;: 12x -6y + 10=0 va d,: {
°

¢)d:8x+10y-12=0 va d2:{
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Giai
a) Toa d9 giao diém d,, d; (néu c¢6) 12 nghiém hé:
{4x—10y+1=0 - {4x—10(-x—2)+ 1=0

X+y+2=2 y=-x-2
x=_3
T2 ; (3 1
= dycatdstal |[-—;-—
L ] y__l 1C 2 .l( 2 2J
2

12x -6y +10=0
b) Toa dd giao diém (néu c6) d;, d; 12 nghiém hé: {x=5+1

y=3+2t
12(6+t)-6(3+2t)+10=0
o x=5+t = Hé vd nghiém.
y=3+2t
Vay d, // d;

8x + IOy == 12 =0
¢) Toa d6 giao diém (néu c6) d, ,ds 12 nghiém hé: {x = -6t + 5t

y=6-4t
8(-6+5t) +10(6 - 4t) -12=0 teR
& {x=-6+5t ¢ {x=-6+5t (Hé c6 VSN).
y=6-4t _ y=6-4t
Suy ra d, =d,
n s x=2+2t z al =
Bai 6. Cho du¥ng thing d: {y— S ? tim diém M € d va cédch diém

A(0;1) mot khodng bing 5.
Gidi
DoMed=>M2+2t;3+t)
= MA= ,./(.“Z+2t—0)2 #(1—8 -ty

= J:t+8t+4t2+4+4t2+t2 = \./5t2 +12t + 8
Theo bai ra ta c6 MA = 5 nén ta c6:
J5t2 +12t +8 =5 < 5t2 + 12t + 8 = 25

t=1
= 5t2+12t—17=0¢>t 17




Bai 7. Tim s6 do cha géc gita hai dutng thing d, va d; ¢6 phuong trinh
di:4x -2y +6=0vady:x-3y+1=0
Giai
Goi ¢ la géc giva d,, ds ta co:
41+(-2).(8) 10 1
Ja2 s (2P 12 +(-3? 10¥2 2
Bai 8. Tim khodng cdch tir mot diém dén dudng théng trong cdc trudng
hop sau:
a) A(3;5); A:dx+3y+1=0
b) B(1; -2); d:3x-4y-26=0
) CQ;2); m3x+4y-11=0
Giai

[4.3+3.5+1 |28 28

= ¢ =45°

cos @ =

)d(A; A)z = —_— = —
: J3? + 42 V25 5
by d(B; dy = B:1=4C2) - 26 _ |18 _,

_J32 + 42 5
o d(C my < 31222-11 o

\/32 + 42
Chi y: Piém C (1; 2) € m vay khoang cach can tim bang 0.
Bai 9. Tim bdn kinh cia dudng tron tam C(-2; -2) va tiép xic véi dudng
thing A: 5x + 12y - 10 =0
Gidi
Dutng tron tdm C (-2; 2) ti€p xdc v6i A ¢6 bdn kinh:
6(-2) +12(-2)-10] |44 4“4

J5* + 122 13 13

III. BAI TAP TUONG TU VA NANG CAO

Bai 10. Cho AABC véi A(-2; 1), B((4; 3) va C(2; -3).
a) Viét phuong trinh tdng quat cda (BC).
b) Vi€t phuong trinh tham s§ ciia trung tuyén AM cia AABC.

R=d(C; A) =
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Bai 11. Cho AABC c¢6 dinh A(2; 2).
a) Lap phuong trinh c4c canh cia tam gidc biét cdc dudng cao ké tif B vi
C lan lugt ¢6 phuong trinh: 9x -3y -4 =0vax+y-2=0.
b) Lap phuong trinh dudng thang qua A va vudng géc vdi AC.
Bai12. Cho A;: X +y-2=0va A;: x+ my + 1 = 0 (m 1a tham s8). Tuj
theo m hay xét vi tri tuong ddi cia A, va A,.
Bail3.ChoA;:3x+y-6=0;A:2x-y+5=0
a) Tinh géc gilta A; va As.
b) Tim m dé khodng cdch tir A(1; m) dén A, bing khodng céch tir /
dén A;.
Bai 14. Tim toa d0 C cia AABC biét trong tdm cla tam gidc nidm tré:
dudng thdng A: 8x — y — 8 = 0, hai dinh' A(2; -3); B(3; -2) vi

Saasc= g
IV. DAP SO VA HUGNG DAN GIAI
Bai 10.
-
a) Vecto BC(-2; -6) = -2(-1; -3) nén (BC) c¢6 vecto phdp tuyér
u(3;-1). '

Vay (BC): 3(x-4)-(y-3)=03x-y-9=0
b) Ta c6 toa do trung diém M cta BC 1a M(3; 0)

—
= AM = (5; -1) 1a vecto chi phuong cia (AM). ..
x=-2+5t

= phuong trinh (AB): {y g

Bai 11. -
a) Pat (BH): 9x -3y -4 =0, (CK): x+y-2=0.

Do BH 1 AC = dupng thdng (AC) qua A(2; 2) nhén u;; (3;-1) lan

vecto chi phuong. VAay: (AC): {: f ;?: # (t € R).

Tuong tu ta tim duge (AM): {;f;ﬁz (m € R).

x=-1+Tn

(BC): { (n € R).

y=3+5n
b) -3x+y+4=0.
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x+y-2=0

Bai 12. Xét hé (1) { . hé nay tuong duong vdi hé sau:

x+my+1=0
x=2-y [x=2-y
iy
2-y+my+1=0 1{m—1)y=~3 (*)
Nhu vay tir (*) ta ¢6 két qua sau;
* Néum # 1 = (*) ¢c6 nghiém duy nhat = (I) ¢6 nghiém duy nhat.
- A} Cﬁt Az. a
* Néum# 1= (*) vd nghiém = (I) vé nghiém = A/ Ay
Bai 13.
a) Goi ¢ la goc gitta A, va A, ta co:
3.2 + 1(-1)

cose = v Ry fff T

|3+m—6ﬁwﬂ—m+ﬂ

= ¢ = 45°

b) d(A; Ay) = d(A; Ar) <

Jo 5
& |m-3|=v2|6-m]
( 2+1)
!m-sz\fﬁ(s—m) - m==1
m-3=-V2(6-m) | 3-6/2
] 1-J§

Bai 14. Goi C (xo} vo) = G("Og‘s; -"’03" 5}.

xD +5'

DoGe(d):Sx-—y—S:O::'B( 3*] —X—Q—B:-E—8=.0 (1)

Mat khéc ta co:

Ssasc = %AB.d(C,AB) ol o L

no%-8 o
& | !

(]

(AB:x-y-5=0)
Giai hé (1), (2) = toa do diém C can tim.
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§2. PHUONG TRINH DUONG TRON
I. TOM TAT LY THUYET

1. Phuong trinh dudng tron tam I(a; b) ban kinh R
(x-a)’+(y-b?=R%.
2. Phuong trinh
x> + y% - 2ax — 2by + ¢ = 0 v6i diéu kién a® + b* — ¢ > 0 la phuong
trinh dudng trdn tdm I(a; b) ban kinh R = a® + b? —¢.
3. Phuong trinh ti€p tuyén ciia dudng tron cé phuong trinh
(x — a)® + (y — b)? = R? tai diém My(xo; yo) 1a:
(xp — a)(x — Xo) + (yo — b)(y — ¥o) = 0.

IL BAI TAP CAN BAN

Bai 1. Tim tdm va bdn kinh edc dudng tron sau:
a)x*+y°-2x-2y-2=0
b) 16x* + 16y° + 16x — 8y — 11 =0
¢) x> +y°-4x + 6y - 3 = 0.

Giai
a) Phuong trinh da cho tuong duong véi phuong trinh:
x-1+@F-1°=4
Vay tdm ctia dudng tron c6 phuong trinh da cho la I(1; 1), ban kinh
R =2
b) Phuong trinh da cho tuong duong véi phuong trinh:

u[x+l]2+( —l]z—l Va tﬁmiél(—-l-'l] vaR=1
2 y—q) =+ 2’1 =

¢) Phuong trinh da cho tuong duong véi phuong trinh:
x-2°+x+37%=16
Véy tdm 1a 1(2; -3) va ban kinh R = 4.
Bai 2. Lap phuong trinh dudng tron (C) trong cde-trudng hgp sau:
a) (C) ¢6 tam I(- 2; 3) va di qua M(2; - 3) ‘
b) (C) c6 tdm I(-1; 2) va ti&p xic véi dudng thingd: x -2y + 7=0
¢) (C) e6 dudng kinh AB vdi A(1; 1), B(7; 5) '
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Giai
a) (C) ¢6 tam I(- 2; 3) va di qua M(2; — 3) nén ban kinh
R=IM= (2+2) +(-3-3) = J52
Vay (C):  (x +2)* + (y - 3)* = 52.
b) Do (C) ¢6 tdm I(-1; 2) va tiép xtic véi d:x -2y + 7= 0

“1-4+7 2
R=4d(,d) = L-—-———': s
= ( ) ,/1+4 Jg
Vay (C): (x+ 12 +(y-2)7= %
x|_1+7=4
¢) Goi I(xy; yy) 14 trung diém AB ta co: 135 = I(4; 3)
N =3
2

(C) c6 dudng kinh AB tam 1 I(4; 3) va ban kinh
« p_AB _J7-1'+6-1° 5
2 2 2
Vay (C): (x - 4)* + (y - 3% = 13.
Bai 3. Lap phuong trinh dutng trdn qua ba diém:
a) A(1; 2), B(5; 2) va C(1; - 3)
b) A(-2; 4), B(5; 5) va C(6; - 2)

Gidi

a) Goi phuong trinh cén tim:
X*+y?-2ax-2by+c=0via*+b*-¢30
124+2° -2 -4b+c=0
Theo bai ratacé hé: { 5% +22-10a—-4b+c=0
12 + (-3 -2a+6b+c=0

—2a-4b+c+5=0 a=3
—=<-10a-4b+c+29=0 & <b=—=
-2a+6b+c+10=0

Vay dudng tron cidn tim c6 phuong trinh: x* +y* -6x +y-1=0



b) D& thdy MP? = MN? + NP?% Vay ba diém M, N, P lap thanh ba
dinh cia mjt tam gidc vuéng tai N.

Goi I 1a trung diém MP ta tinh duge I(2; 1), vay dudng tron cén

tim c6 tam I(2; 1) va bén kinh R = 9'-[23 =5,

Vay phuong trinh cén tim: (x - 2)° + (y - 1)* = 25.

Bai 4. L4p phuong trinh dudng tron tiép xic v6i hai true toa dd Ox, Oy
va qua M(2; 1).

Gidi
Goi I(a; b) 1a tdm phuong trinh dudng tron can tim, do dudng tron
tiép xde véi Ox, Oy nén ta c6:
d(1, Ox) =d(I, Oy) =R < |al = [b| =R (1
Mit khédc do dudng tron qua M(2; 1) nén ta c6:
IM=Re ((2-a(1-b? =R (2

\ . [lal=[b[=R
Ti (1) va (2), ta ¢6 hé: (I
: Je-2a)?+(1-b? =R
Do dudng tron can tim qua M(2; 1) nén tdm I(a; b) ciia dudng tron
phdi nim & phan tu thit nhat cia mat phédng (Oxy) tic 1a a, b > 0

nén hé (I)

[a=b=R a=b=R

= =
J@2-2)?%+(Q1-b? =R a®-6a+5=0 -
; -a=b=']_
a=b=R {R=1

< {la=1 o
[a=5 a=b=5
: R=5

Vay c¢6 hai dudng tron théa man lan lugt c6 phuong trinh la:
x-1P+@y-1P=1va(x-57%+(y-5*=25
Bai 6. Lap phuong trinh cia dudng trdon ti€p xidc véi hai truc toa dd va
¢6 tdm nim trén dudng thing d: 4x -2y -8 =0
Giai
|a] = [b| =R (1)
\4&—2b—-8=0 (2)
Tu (1), ta c6: a =b hoéica =-b

Goi I(a; b) theo bai ra ta cé: {
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+ Néua=b:th€ vao(2)tacé: 2a=8c¢>a=4
Vay tam I(4; 4) va ban kinh R = 4.
\= phuong trinh dydng tron can tim: (x - 1)° + (y - 4)* = 186.

+ Néua=-b:thévao(2)taco:6a-8=0¢>a = %

Vay tam I(i; —i) va ban kinh R = i
3 3 3
2o - . 4 o 4 o 16
= phuong trinh dudng tron can tim: (x - 5) + (y - EJ =5

2i 6. Cho (C): x* +y* - 4x +8y-5=0
a) Tim toa d6 tam va ban kinh cua (C).
b) Viét phuong trinh ti€p tuyén vai (C) di qua diem A(-1; 0)
¢) Viét phuong trinh tiép tuyén vaéi (C) vudng gée véi dudng thing
A:3x -4y +5 = 0.
Gidi
Taco (C):x*+y*-4x+8y-5=0
a) Tam (C) la I(2; - 4) va ban kinh R = 5.

b) Céach 1:
Pudng thdng A, qua A(-1; 0) ¢6 dang: a(x + 1) + by - 0) = 0
(a* + b% = 0)

&> ax + by +a =0, A, la tiép tuyén cua (C) khi va chi khi:
diI; A) =R & M =5 < |3a - 4b| =5 Ja? + b?

\faa + b?
o 9a’ - 24ab + 16b® = 252 + 26b° © 16a® + 24ab + 9b% = 0
(4a +3b)*=0<<4da+3b=0,tachona=3b=4
Vay phuong trinh ti€p tuyén A,;: 3x -4y +3 =0
Cach 2:
Dé thdy toa d6 A théa man phuong trinh (C). V4y phuong trinh
cua (C) tai A la:
F1-2)x+1)+(0+4)(y-0=0c3x-4y+3=0.
c¢) Pudng thidng A; L A: 3x — 4y + 5 = 0 ¢6 phuong trinh:
4x +3y +m=0
Az 1a ti€p tuyén cia (C) khi va chi khi d(I, A;) = R
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4248 (A)+m| o 4l =95

=

J16 + 9
m-4=5 m=9
=" P
m-4=45 m= -1

Vay ¢6 hai ti€p tuyén théa man la:
4x + 3y +9=0vadx +3y-1=0.

III. BAI TAP TUONG TU VA NANG CAO
Bai7.Cho (C): x> +y* —4x -2y -4=0
a) Tim tdm va ban kinh cua (C).
b) Hay viét phuong trinh ti€p tuyén cta (C) biét ti€p tuyén song son,
viiA:x+y-1=0.
Bai 8. Lap phuong trinh tiép tuyén vdi dudng tron (C):
(x - 1)* + (y - 8)* = 16, biét ti€p tuyén qua A(8; 10)
Bai 9. Cho hai duding tron (C): x* +y* =1 va
(Cn): x>+ y%—2(m + 1)x + 4my - 5 = 0.
Tim m dé (C) tiép xic (Cyp).
Bai 10*. Tim do dai day cung xéc dinh béi duong thang: 4x + 3y — 8 = |
v6i dubmg tron tam I(2; 1) va tiép xic véi dudng thing:
A:b5x - 12y + 15 =0

IV. DAP SO VA HUONG DAN GIAI

Bai 7. (C) ¢6 tdm I(2; 1) b4dn kinh R = 3.
Tiép tuyén: A: x +y - 3 + 32 = 0.
Bai 8. Phuong trinh cdn tim la:
(49 - 482 )x + 33y — 8(-49 - 4./82) - 330 = 0

Bai9. m=-1haym= -g— thoda méan bai todn.

Bai 10. Pudng tron (C) tam I(2; 1) ban kinh

R = d(T; A) = 5.2 -12.1 + 15| o1
V25 + 144

Vay (C): (x-2)* + (y - 1)* =1
Pudng thdng A: 5x - 12y + 15 = 0 cit (C) tai hai diém phén biét c
4x +3y-8=0 (1)

x-2%+(y-D*=1 (2)

toa d9 thod man: {
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Tu(l),taco:3y=8-4x =y = b—il} thé vao (2), ta ¢6 phuong trinh:

8 -4x .Y . 2
(x - 2)% + ——:-;-—--—1 =1¢»9x -2 +(8 -4x -3 =9

> 9Ux - A4x +4) + 25 —40x + 16x° -9 =0

x=9
@25x2+76x+52=0c>[ 26
x =

20

Khi x = 2 thi y = 0. Vay giao diém la A(2; 0).
Khi x = 3?‘, thi 3= 1.98. Vay giao didm 1a B -;E_-’; 1,28)
o)

26 ,
iy AB.— (_ ~2) +(.28-0" =
95

o) oo

§3. PIIUONG TRINII DUONG ELIP

. TOM TAT LY THUYET
1. Dinh nghia elip

Trong miat phang cho hai diém ¢d dinh I*, va F,. Elip 12 tdp hop
cdc diém M sao cho tong F;M + ;M = 2a khong doi, F, va F, la tiéu
diém, F,Fy= 2¢ 1a tiéu cu.

2. Phuong trinh chinh tdec ciia Elip

2 2

X Y rs n. 2 2 2

;—2‘4'?:1 véi b =a°-¢

3. Cho elip (E) ¢6 phudng trinh chinh tic

2 2

x>y

— - = 1 ta C6

al b.!

(E) cdt Ox tai A,(—a; 0) va Ay(a; 0)

(E) cat Oy tai By(0; ~b) va By(0; b), bon diém Ay, Az, By, B; 1a bon
dinh cia (E), AjA; goi 14 truc 16n, BB, 14 truc nho cua (E).

(I. BAI TAP CAN BAN

Bai 1. Xac dinh do dai cac truc, toa do tiéu diém, toa do cac dinh cta
elip ¢6 phuong trinh sau:

2 2

a)gg+_3;)_=l b) 4x* + 9y* = 1 c) 4x* + 9y* = 36
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Gidi
a)Taco a’=25=a=5,b’=9 =b=3tI
p’=a?-c?P=>9=25-c® =>c’=16=c=4.
VAay truc 16n ¢é do dai 10, truc bé c6 dp dai 6
Bén dinh caa elip 1a A, (-5; 0), Az (5; 0), B, (0; -3), B2 (0; 3)
Tiéu diém F, (-4; 0), F2(4; 0)

b) Phuong trinh 4x* + 9y* = 1 : e S |

—>a=

T .
2’7 3 6

Suy ra toa d§ cua dinh:
1 1
Ay [—2 ) Az( UJ B, [0 ( ], B, (0; 5]

Pb dai trye 16n AA, = 1, 46 dai truc bé B,B, = -g-

. (V5 ] f\/—
Tiéu diem F, | -—; 0|, F,
1eu di 1 L 6 ),L J
I
¢) Phuong trinh 4x* + 9y* = 36 & e %{— = |

—a=3b=2vad=9-"c> =c?=5=>c=5
Suy ra toa d9 caa dinh A,(-3; 0), Ax(3; 0), B,(0; -2), By(0; 2)
D6 dai truc 16n A A, = 6, do dai truc bé B;B; =4
Tiéu diém F\(~5; 0), Fo(V5; 0).
Bai 2. Lap phuong trinh chinh téc cla elip biét:
a) Truc 16n va truc nhé lan lugt 1a 8 va 6.
b) Truc 16n bing 10 va tiéu cy bang 6.
Giai
2 2
Goi elip ¢6 phuong trinh % + %é- =1véia>b>0

a) Truc 16n bang8tac62a=8=a=4

Truc 16n bang 6 tac62b=6 =>b =3

2 2

Vay elip c6 phuong trinh: = + ¥ =1

16 9
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b) Truc 16n béng 10 = 2a = 10 = a = 5, tiéu cu bang 6
—=2c=6=>c=3
Mat khdac b’ =a’-¢* =b*=25-9=16.
2 2
Vay phuong trinh cdn tim la: = + ¥ -1
iy phuong trinh can tim =% + S

Bai 3. Lap phuong trinh chinh téc cia elip trong cdc trudng hgp sau:

a) Elip qua cédc diém M(0; 3) va .\1[3; - lsg)

b) Mét tiéu diém la F, (-V3: 0) va diém M(l; g} nam trén elip

Giai
Ay x? y? .
Goi Elip (E) —2+-b—2=1 véia>b>0
a

0 9
= Lb b2 =

a) Theo bai ra ta c6: {2 = .
9 144 aZ =25
— =1
a? 25b°

2 2

Vay Elip (E) cin tim c6 phuong trinh: % ¥ % =1 "

b) Do (E) ¢6 tiéu difm Fi(-v/3;0) = -c=-J3 =>¢? =3
- ob’=a’-3 (1)

Mat khéc do Elip qua M |1, 23 | nén ta co L.t 1@
P) a’ 4b?
. 1 3
Thé (1) vao (2) tacé — + >=1
a2  4(a-3)
< 4(a*~ 3) + 3a% = 4(a* - 3a%)
53 ¢ '8 9 .
= — = = — - = - — 1
o 4gt - 1967+ 12 =0 |® =7 = P =g -3=-7 Gead
a’=4 = b?=1 (thod min)
2 2
Vay phuong trinh cin tim: 2 X =1

Bai 4. Ta cdt mdt badng hiéu quang cdo hinh elip c6 céc truc 16n va truc
nhé 1a 80 cao 40cm tir mdt tdm vén ép hinh chit nhat c¢6 kich thuédc
80cmx40cm. Ngudi ta vé mot hinh elip 1én tdm vdn ép nhu hinh
dudi day. Héi phdi ghim hai cdi dinh cdch cdc mép tdm vén ép bao
nhiéu? Va ldy vong day cé do dai bao nhiéu?
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| F,

80 em
Gidi
Theo baitacdé: 2a=80<2a=40,2b=40<b =20
Mat khédc ta ¢6 b*= a® - ¢?
= ¢*=a’ - b?= 40" - 20° = 1600 - 400 = 1200
= ¢ = /1200 = 20J3
= F;(-2043;0) va F;(2043; 0) va F;F; = 2c = 4043
Vay ta phai ghim hai dinh F, va F; cdch mép tAm van la:
80 - 4043

=40 - 2043 (cm) va vong day c6 49 dai:

2a + 2¢ = 80 + 40/3 (cm).
Bai 5. Cho hai duong trdon C; (Fy; R,) va C; (Fy; Ry), C, chia trong C, v
I, = F,. Hay ching td ring tam M cia (C) di dong trén mdt elip.
Giai
Xét duong tron (C) tdm M tiép xic

ngoai vdi (C,) va ti€p xic trong véi (C,) tai
H. Ta cé6:

I\IF‘,-I'MFQ =MK=KF:+F2H._MH .'« H

= KF, + HF; = R, + R, (khong doi1) 'a
Vay tép hop diém M la elip c6 céc tiéu
diém F,, Fova dd dai trucl6n 2a=R; + R, '

III. BAI TAP TUONG TU VA NANG CAO

Bai 6. Cho elip (B) X+ L =1
al o. oe lp -i—66 + —62 =
_a) Xdc dinh d6 dai cde truc, toa d9 tidu diém, cde dinh cua (E)

b) Puting thing x = V50 cit (E) tai 2 diém phan biét A, B. Tinh AB.
106



bai 7. Lap phuong trinh chinh t#c cua elip trong céc trudng hgp sau:
a) Mot tiéu diém F, (-2; 0) va dd dai truc 16n biang 10
b) Po dai truc 16n bang 6 va tiéu cu bang 4
c) Elip qua 2 diém A(2; 0) va B(—?; IJ
: x> y? o o 5
bai 8. Cho elip (E) i =1 va diem I(1; 2). Viét phuong trinh cua

dusng thidng di qua I biét ring dudng thing dé cit (E) tai hai diém
M va N sao cho I 1a trung diém MN.

bai 9% Cho 3 diém A, B, C ¢d dinh theo thi tu nay trén dudng thang ¢o
dinh d, duomg tron (C) thay d8i tiép xiic véi d tai A. Tir B va C ké
nhirng ti€p tuyén vdi (C). Hai tiép tuyén nay cit nhau tai M. Tim
tap hop diém M.

V. DAP SO VA HUONG DAN GIAI
bai 6.
a) Tacoa’=100 >a=10,b’=64 >b=8=c¢c= J100-64 =6

Vay d§ dai truc lon 2a = 20, dj dai truc bé 2b = 16.
Toa dd cac dinh: A,(-10; 0), Ay(10; 0), B,(0; -8) va By(0; 8)
Toa d9 tiéu diém F,(-6; 0) va Fx6; 0)

b) AB = J128
bai 7.
2y
a) Elip ¢6 phuong trinh: —5 + o7 = 1
2 2

b) Elip ¢6 phuong trinh: % ¥ ?’5_. 51

2 L2
i 2 x_. _y_.g
c¢) Elip cin tim: ik 16 1
13

bai 8. D& thdy dudng thidng x = 1 qua I(1; 2) va song song v6i Oy khéng
thod man. Xét dudng thiang d qua I(1; 2), hé s géc k cé6 phuong
trinh: y = k(x + 1) + 2. Hoanh dé giao diém cua A va (E):
[k(x - 1) + 2]
e i
16 9
< (9 + 16k®).x? + (64k - 32k®).x + 16k* - 64k -- 80 = 0 (1)

‘=1 = 9x*+16kx -k +2* -9x16=0
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Duong thidng A thod méan bai todn khi va chi khi pt (1) c6
nghiém phén biét x;, x, thod méan diéu kién x; + xo = 2 (2)

_ _ 2
Taco (2) oo —82K) _ 5 39k? - 64k = 18 + 32K°
9 + 16k

<=>k=—1'—
3

Thay k = -.:1; vao (1) ta thdy (1) c6 hai nghidm phan bidt né

k=—%thoémﬁn.vay A:y=-%(x-—1)+2hay.ﬁ:y=-%x-f%

Bai 9*. Ta c¢6
MB = MT + TB = MT + AB va
MC = CT' - T'M = CA - MT nén
MB + MC = AB + AC (khoéng d6i).
Vay tép-hop diém M la elip
c6 hai tidu diém B, C 46 dai
truc 16n 2a = AB + AC

ON TAP CHHUONG 111

I. TOM TAT LY THUYET

1. Phuong trinh dudng thing

e Vecto chi phuong cia dudng théng, phuong trinh tham sé.
phuong trinh chinh tdc cta dudng théng.

o Phuong trinh tham s8 cia dudng thdng: {

X=X, +at

y =y, + bt

Vecto phdp tuyén cia dudng thdng, phuong trinh tong quét cia
‘dudng thing: Ax + By + C =0, A2+B%#0

e Vi tri tuong ddi cla hai dudng thing.
|A;A; + BB,y

\}Af +B? .JA% + B2
e Khodng céch tit mot diém d&én mot dudng thing:
d(M. A) = |Ax, + By, + C|
JA? 4+ B?

¢ Gobc giita hai dudng thdng: cosg =
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2. Phuong trinh dudng tron, phuong trinh ti€p tuyén cta
dudng tron

3. Phuong trinh elip
+ Dinh nghia elip.

2 2

» Phuong trinh chinh tdc elip: =+ lX)? =1(a>b>1)
a

e Hinh dang elip.
e Quan hé gila elip va dudng tron.
. BAI TAP CAN BAN
Bai 1. Cho hinh chit nh4t ABCD. Biét A(5; 1), C(0; 6) va phuong trinh
canh CD: x + 2y — 12 = 0. Tim phuong trinh cédc canh con lai.
Gidi
Canh AB / CD. Vay duong thing AB qua A(5; 1) nhan n cp(1; 2)
lam vecto chi phuong nén AB: 1.x-5) +2(y - 1) =0
<x+2y-7=0 ‘

e Pudng thing AD di qua A(5; 1) vd nhén ch(z;l) lam vecto chi

=5+t
phuong nén (AD): {x ¥
y= 1 + 2t

e Pudng thédng BC di qua C(0; 6) va nhan 309(2; 1) lam vecto chi

x=0+t
u é ;
phuong nén (BC) {y G+t

Bai 2. Cho A(1; 2), B(-3; 1), va C(4; -2). Tim t4p hop cdc diém M sao
cho MA? + MB? = MC?.
Gidi
Goi M(x; y) ta c6: MA? = (x - 1)? + (y - 2)?, MB? =(x+3P°+(y-17
MC? = (x — 4)% + (y + 2)°
Nén MA? + MB? = MC?
& -1P+F-22+@-32+@F-17=x-4"+(y+2)°
& X-2+1+y -4y+4+x°-6x+9+y -2y+1=
=x’-8x+ 16 +y* +4y +4
o X+y'-10y-5=0< x*+(y-5)*% = 30.
VAay trong mit phdng Oxy tap hop diém M cén tim 12 dudng trdn
(C) 6 tam 1(0; 5), ban kinh R = /30.

109



Bai 3. Tim t4p hop céc diém cdch déu hai dudng thang:
A:Bx +3y-3=0va Ap:5x+3y+T7=0.
Giai
Dé thdy A, / A;, nén tip hop cdc diém céch déu hai dutng thang
Ay, A; 12 dudng thing A song song véi Ay, A, va khodng cach tir A
dén A, bing khodng cdch tif A dén A;. VAy A: 5x + 3y + ¢ = 0
(cx-3vac="T7).

Talﬁyl(o;%) clitaich &, A=Al A o> 5281 _ Let 7

Va2 452 3%+ 52
sle-3] =lc+ 7l Sc=222A06x43y-2=0.
Vay tdp hop diém cén tim 12 dudng thdng A: 5x + 3y -2=0
Bai 4. Cho dudng théng A: x - y + 2 = 0 va hai diém O(0; 0), A(2; 0)
a) Tim diém d6i xing cGa O qua A.
b) Tim diém M trén A sao cho do dai dudng gap khic OMA ngin nhat.
Gidi
a) Pudng thing d di qua O(0; 0) va vudng géc véi A sé nhan
;A(l; -1) lam vecto chi phuong.

Vay d: {x=0+t
y=6-t
Toa d) giao di€m cla d va A 13 nghiém hé:
xX-y+2=0 2t =-2 t=-1
x=t & <x=t < x=-1
y=-t y=-t y=1

Vay giao diém cia d va Ala I(-1; 1)
Goi O'(x'g, y'o) 12 diém ddi xing véi O qua A tir d6 I 1a trung diém OO"

. Ll a=2t% g
2 & 2
2 2 1
Xg=-2 . 2
=3 : = 0'(-2; 2)
{YO=2 M
b) Pat F(x,y) =x -y + 2 ta cé:
F0,00=2>0,F(2;00=4>0 o

Vay hai di€ém C(0; 1) va A (2; 0) nim vé cung mot phia so véi A, C
la diém ddi xiing cia O’ qua A theo a, ta c6 0'(-2; 2).
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V6i moi diém M € A ta cé:
OM + MA = O'M + MA > O'A.
Vay min(OM + MA) = O’A dat duge khi M la giao dlem cua A va AO".
Dé tim toa do M (nhu vdy) truée hét ta lap phuong trinh AQ’, that
vay ta c6
;l") = (—4; +2) = -2(2; -1) = (AO"): {; - § " ft

Toa dé diém M la nghiém hé sau:

r
1’.=--:i
x-y+2=0 2+2t+t+2=0 z
x=2t +t = x=2+2t & tx:-———s—
y=-t y=~t 4
Y53

Viy M(—g; %J la diém can tim.

Bai 5. Cho ba diém A(4; 3), B(2; 7), C(-3; -8)
a) Tim toa d9 trong tdm G, truc tdm H, tdm I cda dudng tron ngoai
tiép AABC
b) Ching minh rang: I, G, H thing hang.
¢) Viét phuong trinh dudng tron ngoai ti€ép AABC
Giadi
a) Ta dé thay AABC vudng tai B
* Goi G(xg; yc) 1a trong tam AABC ta cé
_ Xy txgp+Xc _4+2-3

ETy 3 !
v _Yatypt+yc 3+7-8_2
- 3 3 3
2

Vay G| 1; =2 |.

.yG[l,aJ

* Do AABC vudng tai B vdy truc tdm H trung véi B(2; 7).
* Do AABC vudng tai B nén tidm dudng tron ngoai ti€p AABC la
trung diém I cha AC, goi I (x; yy)

Xp+X 4-3 1
METST ST T3

—
_Yat+tyc _3-8_ 5§
¥ 2 2 2
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1 35
Vﬁy I(E,*E] .

oa(o- 129358 a7 2)- (4
b)TacoIG-(l 2,3+ - GH=|1"7 5 1L 2

- -
Dé thay IG = =GH, nén ba diém I, G, H thing hang.

c) Pudng tron ngoai ti€ép AABC c¢6 tAm I[%;-g] vd bédn kinh

IO!—I

R= A_C.d_—__l_'?o_.

2 2
2 2
Véy phuong trinh la: (x - -%-J + (y + %J = %9-
Bai 6. Lap phuong trinh.hai dudng phén gidc cia cdc géc tao bdi hai
dubngsau: A:3x -4y +12=0va A 12x+5y-7=0.
Gidi
‘Trong mat phdng Oxy goi M(x; y) thudc cic dudng phén gide cdn
tim ti d6 ta c6: d(M, A) = d(M, A")

- |3x - 4y + 12 _ 12x + 5y - 17|
;]32 + (-4) J122 + 52
o 3x -4y +12] _ [12x + 5y - 7|
V258 169
& 13(3x - 4y + 12| =5|12x+5y—7|

- [13(3x - 4y + 12) = 5(12x + 5y - 7)
13(3x -4y +12)=-5(12x + 5y - 7)
o [21x-TTy+191=0 (D)
|99x - 27y +121=0  (2)

Vay t4p hop M 12 hai dudng thing cé phuong trinh (1) va (2).
Bai 7. Cho dudng trdn (C) ¢6 tdm I(1; 2) vA ban kinh bing 3. Ching
_ minh ring t4p hgp cdc diém M ma tir d6 ta vé duge hai tiép tuyén
" vé6i (C) tao v6i nhau mét géc 60° 1a mot dudng tron va viét phuong
trinh dudng tron d6.
Gidi

Gia st M 1a mdt diém ma tir d6 vé duoc hai tiép tuyén t6i (C) sao cho

hai ti€p tuyén d6 tao véi nhau mbt g 60°. Gia sit H 1a tiép diém cla

mdt trong hai tiép tuyén d6 ta c6 AMIH vudng tai H, HMI = 30°.
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Vidy M cach diém I c¢6 dinh mat
khoang bang 6.
= M thuéc dudng tron tam I(1; 2) H
ban kinh R’ = 6. '
Phuong trinh: (x - 1)*+ (y - 2)* = 36.
Bai 8. Tinh géc giita hai dudng thing A, A,
trong cic trudng hgp sau:

a) A1:2x+y—-4=0va A 5x-2y+3=0.
1 3 M

b) At y=-2x +4 va Azzy=§x+§.

Giai
a) Goi g 14 gée gitta A, Agta cé:
Sost= |2.Z_ + 1(-2)| __8 _ 8
J22 + 12,52 + (22 529 V145
Véay ¢ 1a géc thda:

8
cosQ = i
(Ta c6 thé tinh gin ding nhd mdy tinh bé tii, ho3c tra bang s8)
b) A1¢6 hé s goec k, = -2
Az c¢6 heé 88 géc ky = 2
=k ke=-1= A, | Ag
= géc gidta A, va A, bling 90°

3ai 9. Cho elip (B): X+ L =1
'] e : e -_— = -
i o elip S+ is '
Tim toa d9 cdc dinh, cdc tidu diém va va elip d6.

Gidi v
Tacé a’=16 =a=4
b>’=9 = b=3
Ma c® = a? - p?
= =7 =c=47

3
Vay elip c¢6 4 dinh: -4\ F, ‘y 4 x
. -3

A,(-4; 0), Ax(4; 0),
B,(0; -3), Bx(0; 3)
Tiéu diém elip F1(-7; 0), Fo(+/7; 0).
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Bai 10. Ta biét rang Mat Trang chuyén déng quanh Trdi P4t theo mot
quy dao 12 mdt elip ma Trai D4t 1a tiéu diém. Elip d6 c6 4 dai truc
16n 1a 769266 km va d9 dai truc bé la 768106 km. Tinh khodng cédch
ngdn nhit vA khodng cdch dai nhdt tir Trdi P4t dén Mat Tring.
Biét riing cdc khoang cdch d6 dat duge khi Mit Trang va Trai D4t
nidm trén truc l6n cia elip.

Giai
D) dai truc 16n 14 2a = 769266 — a = 384633
D9§ dai truc bé 1a 2b = 768106 = b = 384053
= ¢? =(884633) - (384053)°
= (384633 + 384053)(384633 - 384053)
= 445837880
= ¢ = /445837880
2¢ = 21445837880
2a —2c = 769266 - 2445837880

22 ; 2¢ _ 384633 - /445837880

Véay khodng cdch ngén nhat tir Trdi D4t dén Mat Tring la:
a2 - 2¢ _ 384633 - V445837880 (km)
Khoang cdch dai nhat ti Trai Pat dén Mat Trang la:

2a—2c_2a+2c
T2

J 4

d2=2c+

=a+¢c

= 384633 + V445837880 (km)
Néu tinh gdn ding ta ¢é: -
d, = 363518,1 (km),
d, = 405747,9 (km).

I

CAU QI TRAC NGIITEM

1. Cho AABC c¢6 toa d¢ cac dinh A(1: 2), B(3; 1) va C(5; 4). Phuong trinh
nao la phuong trinh dudng cao cua tam gide vé tu A.
a)2x + 3y -8 =0; b)3x -2y -5=0;
c)5x -6y +7=0; didx -2y +5=0.
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. Cho AABC véi cac dinh 1a A(-1; 1), B(5; 3) va C(3; -2), M 1a trung
diém cua AB. Phuong trinh tham s6 cta trung tuyén CM la:

Jx—3+t Jx 3+t
b)
ly——2+4t ly=-2- 4t
=3_’t = B
& {x ; d)Jx 3+ 3t
y=4+2t ly=-2+4t
# ] 2 = t’
. Cho phuong trinh tham sd cia duong thang d): {x 5; - Trong
y==w=

cdc phuong trinh sau, phuong trinh nao 1 phuong trinh tong quéat cda
(d)?

a)2x+y-1=0; b)2x +3y+1=0;

X +2y+2=0 d)x+2y-2=0.

. Pudng thing di qua diém M(1; 0) va song song véi dudng théng
d: x + 2y + 1 = 0 ¢6 phuong trinh tong quat la:

a)dx + 2y + 3 =0; b)2x +y +4 =0;

)2x+y-2=0; d)x-2y+3=0.

."Cho dudng thing d c6 phuong trinh téng quét: 3x + 5y + 2006 = 0.
Tim ménh dé sai trong cdc ménh dé sau:

a) (d) c6 vecto phép tuyén n = (3; 5);
b) (d) c6 vecto chi phuong a = (5; -3);
¢) (d) ¢6 hé sd géc k= -g-,

d) (d) song song véi dudng thdng 3x + 5y = 0.

. Gi4 tri nao sau ddy bing bé4n kinh cia dudng tron tam I(1; -2) va
ti€p xic v6i dudng thdng A: 3x -4y -23 = 0

a) 15: b) 5: &) -g-; d) 3.

. Cho hai duéng thing:
di:2x+y+4-m=0vada:(m+3)x+y-2m-1=0
Véi gia tri nao cia m thi d; song song véi d;

a)m=1; b) m = -1; c)m = 2; d) m = 3.
. Gi4 tri ndo sau day la sd do cla goc gitta hai dugng théng:
di:x+2y+4=0; da:2x-y+6=0

a) 30% b) 60° c) 45°% d) 90°.
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9. Cho hai dudng thdng
Ai:x +y+5=0va Ay =-10. Géc gitta A, va A, 1a:
a) 45°% ~ b) 30% c) 88°5752;  d) 4°138".

10. Gi4 tri nao sao ddy bing khodng céch tir M(0; 3) dén dudng thing
A: xcosa + ysina + 3(2 - sina) = 0

a) V6 ; b) 6; ¢) 3sina; d) 8

. sina + cosa
11. Phuong trinh nao sau diy la phuong trinh dudng tron:
a)x’+2y’-4x-8y+1=0; b)dx®+y’-10x-6y-2=0;
x> +y°-2x-8y+20=0;, d)xX*+y -4x+6y-12=0,
12. Cho dudng tron (C): x* + y° - 2x — 4y -20 = 0. Trong cdc ménh dé
sau tim ménh dé sai:
a) (C) c6 tam I(1; 2); b) (C) ¢6 bdn kinh R = 5;
¢) (C) di qua diém M(2; 2); d) (C) khéng di qua diém A(1; 1).
18. Phuong trinh nao sau day la phuong trinh tiép tuyén tai M(3; 4) v6i
dudng tron (C) x* + y¥* - 2x -4y - 3 = O:
a)x+y-7=0; b)x+y+7=0;
x-y-7=0; dx+y-3=0.
14. Cho dudng trdn (C): x* + y* - 4x ~ 2y = 0 va dudng thdng
(A): x + 2y + 1 = 0. Trong cdc ménh dé sau tim ménh dé ding
a) A di qua tam cua (C); b) A cét (C) tai hai diém;
¢) A tiép xic véi (C); d) A khong ¢6 diém chung véi (C).

15. Tim tdm I va bdn kinh R ciia dudng tron (C): x> +y¥* - x+y-1=0
ta dugc:

kG (1.1} go 3.
a)l(-1; 1), R=1; b)I(Z, 2],R- g
1.1\ ,_ V6. P
c)I(—E,z),R-——z. I -1). R = 6.

16. V6i gid tri nao cia m thi phuong trinh sau déy la phuong trinh
dudng tron: x* + y* - 2(m + 2)x + 4my + 19m - 6 = 0
a)l<mc< 2 - b)-2<m<1];
¢)m < 1 hodcm > 2; d) m < -2 hoc m > 1.
17. V6i gi4 tri nao clia m thi dudng thidng A: 4x + 3y + m = 0 ti€p xdc
véi dudng tron (C): x® + y° = 1:
a)m = 3; b) m = 5; ¢)m = 1; d) m = 0;
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18. Cho hai diem A(1; 1) va B(7; 5), phuong trinh dugng tron dudng kinh
AB la:
a)x>+y* +8x+6y+12=0; b)x*+y’ - 8x -6y + 12 = 0;
)X +y°-8x-6y-12=0; d)x*+y*+8x+6y-12=0.
19. Budng tron di qua ba diém A(0; 2), B(-2; 0), C(2; 0) c6 phuong trinh

1a:
a)x’ +y° = 8; b) x* + y¥* + 2x + 4 = 0;
c)x2+y2—2x—8=0; d)xg+y2—4=0.

20. Cho diém M(0; 4) va dudng tron (C) ¢6 phuong trinh:
x* +y° - 8x — 6y + 21 = 0. Tim phat biéu ding trong cic phat biéu sau
a) M ndm ngoai (C); b) M nam trén (C);

c) M nam trong (C); d) M trang véi tdm (C).
2 2
21. Cho elip (E): % + -% = 1va cho cdc ménh dé:

(I) (E) ¢6 céc tiéu diém F,(-4: 0) va Fu(4; 0);
) (E)estiss S=2
a b5

(IIT) (E) ¢6 dinh A, = (-5; 0)
(IV) (E) ¢6 d9 dai truc nhé bang 3;
Tim ménh dé sai trong cdc ménh dé sau:
a) (I) va (1I); b) (IT) va (III);
¢) (I) va (IID); d) (IV) va (I).
22. Lap phuong trinh chinh tdc cla elip ¢6 hai dinh 1a (-3; 0), (3; 0) va

hai tiéu diém la (-1; 0), (1; 0) ta duge:
g K2 y? ! y? K2 y?
P —_— = . —_— — . — —_= 2 d —— —_—— -
a)9+1 1,b)8+9 1;¢) +8 1.)1+91
23. Cho elip (E): x? + 4y* = 1; va cho cdc ménh dé:
(I)(E) ¢6 truc 16n bing 1;

(I) (E) eb truc nhé bhng 4;
(ITT) (E) c6 tidu di€m F:[O; —\/25],

(IV) (E) cé tiéu cu bang V3.
Tim ménh dé ding trong cdc ménh dé sau

a) (I); b) (IT) va (IV);
¢) (I) va (IID); d) (IV) va (I).
24. Day cung cua elip (E): = + i—z =1 (0 < b < a) vudng géc véi truc 16n

tai tidu diém c6 do dai ld.

117



2 2 2 2
a]_zL; b) E.b_; ¢) .2_a_; d) 1...
a c c

a
25. Mot elip ¢6 truc 16n bing 26 ti s6 & = g. Truc nhé cia elip bing
a

bao nhiéu?

a) 5; b) 10; c) 12; d) 24.
26. Cho elip (E): 4x* + 9y* = 36. Tim ménh dé sai trong cdc ménh dé sau:
a) (E) ¢6 truc 16n bing 6; b) (E) ¢6 truc nhé bang 4;
¢) (E) ¢6 tiéu cu bang V5 ; d) (E) c6 ti s6 < = %
a

27. Cho dutng tron (C) tdm F; ban kinh 2a va mdt . diém F; & bén
trong (C). Tap hop tdm M cta dugng tron (C’) thay d6i nhung ludn
di qua F, va tiép xic véi (C) 1a dudng nao sao diy?
a) Pudng thing; k) Pudng tron;
c) Elip; d) Parabol.

28. Cho diém F(4; 0) va dudng thang A:'x = %ﬁ Tap hgp nhiing diém M

trong mat phang sao cho MF = %MH

a) Elip; b) Pudng thing;
c¢) Parabol,; d) Budng tron.
2 2
29. Cho elip (E): = + {3 =1 (0 < b < a). Goi F,, F; 12 hai tiéu diém va
a

cho diém M(0; -b). Gi4 tri ndo sau diy bing gid tri cia biéu thue
MF,.MF; + OM?
a) a® + b%; b) 2a% ¢) 2b% d) a® - b2
2 2
30. Cho elip(E): %6- + 19_ =1 va dudng thing A: y + 3 = 0. Tich c4c khoing

cach tir hai tiéu diém cia (E) dén A bang gia tri ndo sau day?
a) 16; b) 9; c) 81; d) 7.

Giai

Cau 1 2 3 4 5 6 7 8 9 10
DPdp 4n a b a c c d b d a b

Cau 11 12 13 14 15 16 | 17| 18 | 19 | 20
Pap an d a a C b c b c d a
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' Cau 21 | 22 | 23 | 24 | 25 | 26 | 27| 28 | 29 | 30
Dédp dn d c d b a c |c|a| a]|6b

1. Pudng cao vé ti A(1; 2) nhin vectg B_.C (2; 3) lam vecto phap tuyén.
Vay phuong trinh 12: 2(x - 1) + 3(y - 2)=0hay 2x + 3y -8 =0
= P4p 4n dung la a)

_xA+x_B__-1+5_

‘ X 2
2. Goi M(xy; ym) 12 trung diém AB thi J 2 2
_yA+yB=3+1=2
¥m 9 2
Vay M(2; 2) = CM = (~1; 4) 1a vecto chi phuong cia (AM)
Vay CM: =gt = Pdp dn dung la b)
y=-2+4t
x=5+t (1)

y=—-9-2t (2)
Tir (1) tacé t = x - 5 thé vao (2) ta ¢
y=-9-2(x-5) ©-2x-y+1=0
o 2x+y-1=0 = DPép 4n ding 12 a)
1. Pudng thing di qua M(1; 0) va song song véi dudng thing

3. Ta co d: {

(d): 4x + 2y + 1 = 0 nhéan ;1'(2: 1) 1am vecto phdp tuy@n. Viy dudng
thang d6 c¢6 phuong trinh:

2x-1)+Uy-0)=022x+y-2=0
= Vay ddp 4an ding la c) .

5. Duong thing d: 3x + 5y + 2006 = 0 ¢6 hé s8 goc k = - g
Vay ddp an sai la ¢) .

B. Pudng tron tdm I(0; -2) va ti€p xic vdi dudng thang
3.0-4(-21-23 15

A:3x -4y -23=0cé6bdnkinhR= ——— L
V3% -4y 5
Vay dap an ding la d).
oy ds =2t T
m+3 1 -2m-1
(m+3)=2 im=~1

(Zm + 1)+ m
Vay dap din dung la b).
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8. Goi la géc giita hai dudng thidng d, va d, ta cé:

1.2 + 2.(-1)| 5
- 3=0 =90
NG =

Vay dédp 4n ding la- d) .
9. Goi ¢ la géc giira hai dudng thdng A, va A, ta cé:

cos ¢ =

= = ¢ =45°

Viy dédp 4n ding 13 a)

10. Ta ¢c6 d(M,A) = [0.cosa + 3sina + 3(2 - sina)[ _

sin? a + cos? a

6

Véy ddp dn ding l1a b).
11. Phuong trinh x> + y¥* - 4x + 6y - 12 =0 & (x - 2)* + (y + 3)* = 57
Péay la phuong trinh dudng tron tdm I(2; -3) va ban kinh R = 5. Vay
ddp 4n ding la d).
12. Viét lai phuong trinh (C): (x + 1)* + (y + 2)* = 25 ¢6 tdm I(-1; -2).
Vay déap 4n sai 1a a).
13. Viét lai phuong trinh (C): (x - 1)* + (y - 2)* = 8
Vay phuong trinh tiép tuyé&n cia (C) tai M(3; 4) la:
B-1)x-3)+4-2y-4)=0=2x+y-7=0.
Véay dédp é4n ding 1a a)
14. Viét lai phuong trinh (C): (x - 2)* + (y - 1)* = 5. Vay (C) ¢6 tAm
I(2; 1), bdn kinh R = \/5, ta c6 d(I.A)=|—2:F72§:——1-|= J5. Viy A tiép
xtic véi (C) = Dép 4n ding 1a c).

5 1\ 1) _3
15. Viét lai phuong trinh (C): x-2] H¥*5] =5

Vay (C) ¢6 tam 1(%; -%] vabénkishR = 32 = iz‘_"’.; -

J2
= Pdp dn ding la b)
16. Phuong trinh x* + y° —(m + 2)x + 4my + 19m - 6 = 0 14 phuong trinh
dudng tron khi va chi khi: (m + 2)? + (2m)* - (19m - 6) > 0.
m>5

= 5m2~15m+10>0¢>m2—3m+2>0<:>[
m<1

.oyt dan An dang 1A ).
17. A: 4x « 3y + m = U tiép xdc v4: dudng tron (C): x* + 3 =1 Lhi vd ki
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17. A: 4x + 3y + m = 0 tiép xic vdi dudng tron (C): x* + y® = 1 khi va chi

khi d(0,A) =R (v61 O(0; 0) va R =1)
] m =5

———=1 & |m=5 <
\132 + 4%
Vay dap an ding 1a b)
18. Pudng tron dudng kinh AB c6 tam I(4; 3) 1a trung diém AB va bén
Rk R Asz J7-1) ;(5 D _ ,/362 16 _ 13
Vay dudng tron c6 phuong trinh:
x-4P+(@y-31=13=x*+y" -8x-6y-12=0.
Suy ra ddp dn ding la c)
19. Dé thay toa d A, B, C thda min phuong trinh x* + y* - 4 = 0.
Véy ddp 4n ding la.d).
20. Pudng tron (C) ¢6 tdm I(4; 3) ban kinh R = 2
Taco6 MI = \J4-02+@3-47°=16+1=417 >R=2.

Vay M n&m ngoai (C) = ddp 4n ding la a).

21. Ti phuong trinh dd cho > a=5,b=3,¢c=4
= 2b = 6. Vay d9 dai truc nhd bang 6 = (IV) sai
= Ménh dé sai la d).

S x2 y2
22. Goi (E): ;?+—5§-=1 (a>b>0)
Do (E) c6 hai dinh (-3; 0) va (3; 0)
=>a=3 tibudiém(-1;0)va(1;0)=>c=1.
Miat khdcc®=a’-b?>=>a?-c*=9-1=8.
2 2
Vay (B): X+ i_z =1 => D4p én dung 12 c).
a

&S
m=-5

2 2
23. Viét lai phuong trinh (E): 1‘1_+ Y =1
1
2
:>a=1,b=~—1—— vaict=a’-b?= é =C= -—J-ﬁ-
2 4 2
= 2c= /3 (tidu cu'bing J3). Viy dép 4n ding la d).

2 2 .
24. Tiéu diém cia (E): = + %1,_ =1(0 < b < a) 1a Fy(-c; 0) F(0; c). Pudng
a . .

thdng A qua F, va vudng géc véi truc 16n c¢6 phuong trinh x = —.
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Thay x = —¢ vao phuong trinh (E) ta c6 % ?:-1—

1
Vay A cét (E) tai hai diém phén biét 1a M(-c, - —] va N[-c ——-]

2
= MN = 2. -l-)— = Pap 4n ding la b).

25.Tac62a=26=>a=13,5=-13 T
a 13

mab?=a%-¢?=b?=(13)*-(12)* = 169 - 144 = 25

= b =5 = Pép 4n ding 14 a)
26. Viét lai (E): x ¥
ie .1 » 3‘1‘—4——

Tit phuong trinh suyraa=3,b=2=c= 5

Tir d6 ta c6 2a = 6, 2b =4, 2¢ = 245 v&%:%

Vay d4p 4n clu sai la ¢)

27. Ta co:
MF] + MF2= I{Fl = MF1 + MF~2= ICF1 = 2a
Vay tap hop diém M la tidm cia dudng = K
tron (C’) 1a mét elip c¢6 hai tiéu diém F,, \'
F, d6 dai truc 16n 2a. Fy

Suy ra ddap 4n ding la ¢)
28. Goi M(x; y) 1a dinh trong mat phing sao cho MF = %MH. Ta c6:

l:(x—f‘l)2 +y ] 16[:1—24—5)

4
5

25

Jx-4)% + y* =

o  9x* +25y° = B9 XYy
25 9

Vay chon a).

2 2
29, Elip (E): = + %.E =1 (a > b > 0) ¢6 hai tiéu diém Fy(—c; 0), Fy(c; 0)
a

Ta tinh duge MF, = \/a + b? , MF, = {b? + ¢, OM? = b?
Nén suy ra MF;.MF; + OM? = Jb2 +¢? -Jb” +c? +b?
=b% +c? +b%=2b%+c® = 2b%+ (a® - b%) = a% + b?

Vay dap 4n dang la a)
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104—3]_ ) \0-+3_
7 =3; d(F,, A) = JI =3
= Tich khoang cdch giira hai tiéu diém cua (E) dén A 12 9.
Viy dap an ding 1a b).
0. BAI TAP TONG HQP VA NANG CAO
Bai 11. Trong mat phang v6i Oxy cho hinh vuéng véi mét dinh
A(0; 5) va mot dudng chéo nam trén dutng thing A: -2x + y = 0.
Tim toa do tAm cua hinh vuong.
Bai 12. Cho hinh vudng ¢6 hai dinh lien tiép la: A(2; 0) va B(-1; 4). Hay

tim phuong trinh cac canh cua hinh vudng.
2 2

Bai 13. Cho elip (E): 59_ " YT =1. Goi Ay, A, 1 hai dinh trén truc l6n va M la

Suy ra d(F,, A) =

mot diem di dong trén (E). Tim tap hop toa do truc tam H cia A MAA,.
Bai 14. Cho AABC c¢6 canh BC = 10 ban kinh dubng tron ndi tiép
r = 3 canh AB: x - 2 = 0, canh AC: x - Y3y - 12 = 0. Tinh chu vi A ABC.
Bai 15. Tim tdm vA ban kinh dudng trdn ndi tiép tam gidc tao bdi hai
truc toa do va duong thing (d): 3x + 4y - 12 = 0.
Bai 16*. Cho (C,): 2 + 2y* - 4(m - 1)x + 12(m + 2)y + 10m® + 68m - 3 = 0.
a) Ching minh ring khi m thay déi (C) luén ludn 1a dudng tron.
b) Tim tap hogp cédc tdm I caa (C,)

IV. DAP SO VA HUONG DAN GIAI

Bai 11. Toa d0 tdm I cta hinh vudng la 1(2; 4)

Bai 12. Pap s6: AB:4x+3y-8=0 CD:4x +3y + 17 =0
AD:3x-4y-6=0 BC:3x -4y +19=0

(Iu y ¢6 hai hinh vuéng thoa man bai toan)

2 2
Bai 13. Tap hop truc tam ciia A MA,A; 1a elip c6 phuong trinh: %— + %T= 1
=
. x > 1| 1 0
Bai 14. Hudng dan: Ta cé6: cosAs—=—===- =2 A=60
Vi.J1+43 2
= —;-:300.&? tan-g—:tan?:t)“z?l_g
Mat khdctaco r=(p - a)tané— nén 3= (p - 101—1—
: ; 7

= 2p=2(10'+3\/§)
BDdp so: Chu vi AABC 1a 2(10 + 3J3)

Bai 15. (d) cit Ox lan luot tai Aud; 0) va B(O; &)
Tac:0A=4,0B =3 =>AB =5

123



Bai 15. (d) cdt Ox 1&n lugt tai A(4; 0) va B(0; 3)
Tac6:0A=4,0B=3=>AB=5 .
Phuong trinh du’dng phén giac trong OE cua AOB la (A):

y=xx-y=0
Ve phﬁn gidc trong BD cia géce OBA nén:

on_g__g 3 OD DA_OD+DA _OA 1
DA DA BA 5 38 5 3+5 8 2
——_é (g’) = ~

:>0D_.2 = DZ,O

Pudng phan gidc BD qua 2 diém B(0; 3) va D[g-; 0], nén c6

phuong trinh 1a: BD: +%=1 < BD:2x+y-3=0

b | co| M

Tam I cia dudng trdn ndi ti€p tam gidc OAB la giao di€m cia OE
va BD, nén ta c6 toa d§ 1a nghiém cta hé phuong trinh:

{x—y:O - {x:l
2x +y-3=0 y=1
Véy tdm I(1; 1) va ban kinh 12: R = d(I; OA) = |y,| = 1
Bai 16*.
a)Tacé(Cm):x2+y2-2(in—i)x+6(m+2)y+5m2+34m— g— =0

Do d6: a=m-i,b=—3(m+2),c=5m2+34m—%

Tacé: a’+b®-c=(m-1)7°+9m +2)° - [51:12 +34m -—g-]
=3 a2+b2-c=5m2+37+%>0‘9’m.

Vay (Cp) ludn ludn 1a dudng tron khi m thay dédi.
x=m-1=0 (1)
y=—8m+2) (2)
Tu(l),tac6x=m-1om=x+1
Thay m = x + 1 vao (2):

y==-3m+2)=-3x+1+2) o©y=-3x-9.
Vay tap hop céc tam I cia (Cn) 12 dudng thdngy = -3x - 9

b) TamlI {
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ON TAP CUOI NAM
L. TOM TAT LY THUYET

Chuong I. Vecto

1. Pinh nghia Vecto
2. Téng va hiéu cda hai vecto
¢ Quy téc ba diém (Péi vdi phép cong)

O
Véi ba diém tuy ¥y M, N, P ta luén c6 MN + NP = MP
+ Quy téc hinh binh hanh

) - 5 -
Néu ABCD 1a hinh binh ha‘mh_ thi AB + AD = AC

¢ Quy téc ba di€ém (d6i v6i phép trir)
-

) —>
Véi ba diém O, A, B tuy y ta c6 AB=0P - OA
8. Phép nhan mdt s8 véi mot vecto

- -
e Ba diém A, B, C thdng hang < 3k € R, AB=k AK
4. Hé truc toa 4%

¢ Cho hai diém A va B trén truc (0; ;J Khi d6 ¢6 duy nhét s6

a sao cho A—E =a.e.Ta goi sd a la do dai dai sd cla vecto A_J)B ki
hiéu a = AB
Chuong II. Tich vé huéng cia hai vectd
1. Gi4 tri lugng gidc cia mdt géc o bat ki véi 0° < a < 180°

=3 - - —
2. Tich v§ huéng cia hai vectd ABLCD <« AB.AB=0
3. C4c hé thic lugng trong tam gidc va giai tam gide
Chuong III. Phuong phép toa do trong mit phidng

1. Phuong trinh dudng thing
2. Phuong trinh dudng tron
3. Phuong trinh Elip

Bai 1. Chohaivecto a va b 6 |al =3, |b| =5va [Z.E):lzm.v&i

gi4 tri no ciia m thi hai vects a + mb va a - mb vudng gbc v6i nhau?
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Gidi
Hai vectd a + mbva a -mb vudng goc v6i nhau khi va chi khi:
[; + mg][; - m-l;]= 0« a’ - ;(mg] +mb.a -m?b?=0

-

& [a?|- mlal[b|cos(a, b) + m|b|[a]cos(a, b) - m? [b| =

2 04w 020 18w 0 e 9-TEmE =0 5 @ e
2 2 15
3
S m=F—
J15

Bai 2. Cho AABC

2

- —
a) Dung diém M sao cho AM = = AB. Dung diém N sao cho

|

AN =-=-AC.
.3
o = - - — ) -
b) Ndu AM = o AB, AN =B AC tim méi lién hé gita o va p dé

MN // BC N
Gidi

a) Dung diém M sao cho AM:%AB 1a
M

-
hai vecto AM, AB c!Img huéng.

B C
- -
Dung diém N sao cho AN = gac va AN nguge huéng v6i AC

b) D& thdy véi a = 1, B = 1 khdng thod mén vi MN = BC
Nhu vay MN // BC khi va chi khi:

— -
MNkBCaANAMkACkAB

-

—3
mBAC—aAB=kAC-—kAB = (a+k)AB+(k-B)AC=O

.<::> a-k=0 o ge
k-p=0 o=

Vay véi {‘“B , thi MN//BC

a,p=

Bai 3. Cho AABC la tam gidc déu canh a, M 12 mit diém trén dudng
tron ngoai tiép AABC.
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a) Tinh MA? + MB? + MC? theo .
b) Cho dudng thing d, tim diém M trén dudng thang d sao cho:
MA? + MB? +.MC? nhé nhat.
Gidi
Do AABC déu nén trong tdm G cia AABC trung vdi tam O caa
dudng tron ngoai tiép A ABC, ngoai ra theo dinh ly ta cé:

a a a a
a2t T M e T, B
2
a) Ta cé
~3 - — 2 2 .
MA? = (MO + OA)? = M02+2MO OA+OA2_%— %+2M0.0A
2 ==
- ?g_+20‘ﬂa.03 )

—p
Tuong ty ta c6: MB? = 2; +20M.0B (2

-
MC? = 2%+20M oc  (3)

Cong tung vé (1), (2), (3) ta cd:
y ’ . - — —»
MA? + MB? + MC? = 2a® + 20M .(OA + OB + OC)

- - -3

= 2a® (d00A+OB+0 =0)
b) Véi moi diém M nam trén d cho trude ta co:
MA? + MB? + MC? 5 30M? + (OA? + OB® + OC%) ~
Vay MA” + MB* + MC? nho nhdt < OM nh¢ nhit = M 1a hinh
chiéu vudng géc cia O trén d (hay néi cdch khdc ta ha OM L d thi
M la diém céan tim) (luu ¥ khi d qua O thi O = M)
Bai 4. Cho AABC déu canh 6(cm). Mot diém M nam trén canh BC
sao cho BM = 2(em:
———

a) Tinh d¢ dai cua doan thing AM va tinh cosin cua géc BAM
b) Tinh ban kinh dudng tron ngoai tiép AABC
¢) Tinh do dai dudng trung tuyén vé tir dinh C cua AACM
d) Tinh dién tich A ABM
Giai

Ap dung dinh 1y sin (rong \ABC ta co: \li = 2R
sin C
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6 3 _ 6
= R: = = =2 3 A
2.sin60° 3 3B W
2

a) Ap dung dinh ly cosin trong A ABM ta c6
AM? = AB? + BM? - 2AB.BMcosB

36+4 -24c0s60° =28 = AM=2/7 B M c
cos BAN ~ AB® +AM’ -BM’ _36+28-4 _ 60 _ 5
2AB.AM 26247 247 2V7 |
b) Goi R; 12 bdn kinh dutng trdn ngoai tiép A ABM, theo dinh ly sin
ta ¢6:
m:leﬁR1=m= Zﬁ =ﬁ=21
sinB 2sinB  2.sin60° 1@ 3
2

¢) Goi m, 1a do dai trung tuyén vé tirt C caa AACM ta cé:
2 2 2
mi o ACT +MC? AM® 36416 28 o0 o _jq
2 4 2 4

= m.= 19 (cm)
1 . 1 one o B 2
d) dt(AABM) = EBA.BMsmB = 5.6.2.sm60 = 6.-2— =3J/3 (cm?

Bai 5. Chitng minh r3ng trong moi tam gidc ta déu cé:
a = bcosC + ccosB
sinA = sinBcosC + sinCcosB
h, = 2RsinBsinC -

Gidi
a) Ap dung dinh 1y cosin ta cé:
a? + b? - ¢? ‘e a? +c? -b?

beosC + ccosB = b.

2ab 2ab
2 12 _ 2.2, 02_ 1 2
_a +b*-c*+a‘“+c*-Db =2a =a (dpem)
2a 2a
b) Theo a) ta ¢6: a = beosC + ccosB (1)

Ap dung dinh 1y sin ta c6: a = 2RsinA, b = 2RsinB, ¢ = 2RsinC
thay vao (1) ta ¢6: 2RsinA = 2sinBcosC + 2RsinCcosB
< sinA = sinBcosC + sinCcosB (dpcm)

¢) Theo cong thic tinh dién tich ta c6: Syupc = .2h

1
5
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. 1 . 1 a ,
Mat khace: S = —besinA = — be. —— (2) -
' AAEC =gy 2 2R

Ti (1) va (2) = h, = th% = 2RsinBsinC  (dpem)

Bai 6. Cho cdc diém A(2; 3), B(9; 4), M(5; y) va P(x; 2)
a) Tim y dé A AMB vudng tai M
b) Tim x dé ba diém A, P, B thang hang

Gidi

— — '
a) Taco6 AM =(3;y-3), MB =(4;4 - y), AABM vudng tai M khi va

- -
chi khi AM.MB=0 < 34+(y-3)4-y)=0

o 12+4y-y"-12+8y=0 o ¥-Ty=0 & [y=7
. y=

—> — —

Lwu y hai vecto AM, MB # 0 Vy
— -
b) Ta c6: AB(7; 1), AP(x - 2; -1)

Ba diém A, B, P thdng hang khi va chi khi 3k sao cho E’B =k§P
{7=k(x—2) { =-x+2 {x:—s
=) & o
1=k(-1) k=-1 =-1
"Vay x = -5 thi 3 diém A, P, B thing hang.

Bai 7. Cho AABC, biét phuong trinh cia dutng thing AB: 4x + y - 12 = 0.
Pudng cao BH: 5x — 4y — 15 = 0, dudng cao AH: 2x + 2y -9 =0, v6i H
la giao di€ém ba dudng cao. Hay viét phuong trinh hai dudng thing
chira hai canh con lai va dudng cao thi ba.

Gidi

Do A= AH n AB = toa dj A la nghiém

5
-12 = : —=
w{4x+y 9 o { 2. Vay A[§;2]

»
i

2x+2y—9=0 y 2 2

Tuong tu B(3; 0)
+ Puding thédng (BC) qua B(3; 0) va vudng géc v6i AH nén (BC) nhén

nan(l; 1) 1am vtpt = (BC): {" =3+t
y=0+t

+ Pudng thing (AC) qua A(—Z—; 2] va vudng géc v6i BH nén (AC) nhén
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=)

naw (5; —4) 1am vipt. Vay (AC) {X=3 *°%

y=2-4m
+ Lap phu’ong trinh (CH): Toa d9 C la nghiém hé:
. (x=3+t,y=t
<y=2—4n:|:l,y=g+5m
) (4
34% & =% 5m t=§
- 4 13
& t=2-4m = 4x=3+§=_3_
x=3+t,y=t 4
73
13 4
Vay C|—; -
o o(5+3)
Pudng cao (CH) qua C nhén ;ﬂ= (4; 1) l1am vtpt.
13
X=—+4n
Vay (CH):
y=§-+n

Bai 8. Lap phuong trinh dudng trdon c6 tAm ndm trén dudng théang
A: 4x + 3y — 2 = 0 va ti€p xic v6i hai dugng thing:
A:xX4+y4+4=0 va AuTx-y+4=0

Gidi |
Goi I(xo; yo) 12 tAm ctia.(€) cdn 14p
Dole(A)tact:d4xg+3y,-2=0 (1)
Mat khéc (€ ) ti€p xic véi 2 dudng thdng A; va A, nén ta cé
X - 4
a0 a) = A ay) o ot Yot 4l 1% Yo+ 4

2 50

& 5|xg+yo+4| = |7xo—yo+4|

” (5%, + By, +20 = Txy — ¥, + 4 s 2%, - 6y, -16=0
| 5%y + 5y +20=-Txy +y, -4 -12x5 -4y, - 24 =0
- Xo -3y, -8=0 (2)

Tit (1), (2), (3) ta c6 hai hé:
4%, + 3y, -2=0 4%, + 3y, -2=0
(M {xu-3yo-3=0 . va (ID {3xo+yo+6=0
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=2
* @Giai (I) ta dugc {"“ .
Yo=-2
Vay I(-4; 6) va ban kinh R = d(I; A)) = 32
Vay (€ ): (x + 4)* + (y - 6)* = 18

* Giai (II) (tuong tu nhu trén)
2 2
3ai 9. Cho elip (E): 1% + ;—6 = 1. Hay xéc dinh toa do cdc tiéu diém, cdc
dinh va vé elip (E). Qua tiéu diém céa elip dung dudng thing song

song véi Oy va cat elip tai hai diém M va N. Tinh do dai doan MN.

Giai
Tacé: a*’=100 = a=10,b°=36 = b=6
= ¢’ =a®-b® =100 - 36 = 64 - c¢=8.

Vay (E) ¢6 hai tiéu diém
F,(-8; 1), Fx8; 0). Bén
dinh cua (E) la: A,(-10; 0),
A(10; 0), By(0: —6), By(0: 6).

+ Xét diém F,(-8; 0) dudng A

M

h

B,

., F o m\m
thang qua F, va song - - ? -
song v6i Oy cé6 phuong \13},_/

trinh x = —-8
Thay vao phuong trinh (E) ta cé: 2 + ﬁ =1
100 36
64 \,. (36Y 18
= y? = 1___]as=[_] = 438,
= [ 100 w0) YT

Vay dudng thdng x = -8 cdt (E) tai hai diém
M(—S; lﬁ] va N(—B; _l_ii]
5. 5

_ 2
= MN = (E+l§] g 28 46

5 5 5 5
+ Tuong tu dudng thédng song song v6i Oy va qua F, cit (E) tai M', N’
va M'N' = —35ﬁ

I1. BAI TAP TUONG TU VA NANG CAO

3ai 10. Cho trudc hai diém A, Bcd dinhva haisom,nvéim+n <0

a) Chirng minh ring ton tai duy nhat diém I théa man:
= —> -
mlIA +niIB = 0
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- =5 -
b) Suy ra v6i M 1a di€m bat ky ta c6 mMA + nMB = (m + n)MI
—

: -
Bai 11. Cho AABC ldy cdc diém M, N, P sao cho MB = 3MC

i b = —> —> -
NA +3NC =0, PA +PB =0.
Tinh MP, MN theo AB va AC. Suy ra M, N, P thdng hang.
Bai 12. Cho AABC c6 AB = 5, AC = 6, BC = 7. Goi trung diém AC la M
Tinh bédn kinh dudng tron ngoai ti€ép AABM .

2 2y _ oa(a? _ o2
" Bai 13. CMR: AABC déu néy: {P® ~8)=c@ -¢)
: cosA +cosB=1

- 2 2
Bai 14. Tim giao diém cda A: {; : 2t1 i v6i elip (B): L e ll_ -

Bai 15. Cho A(-1; 1), B(1; 3), C(2; 5). Tim t&p hop dxém M thod mar
MA? + MB? + MC? = 40
Bai 16. Cho (en): x* +y* + 2mx -6y +4 -m = 0
a) Chitng minh ring (e,) 12 dudng tron Vm
b) Tim quy tich tdm cla (e,) khi m thay déi.

IV. DAP SO VA HUONG DAN GIAI

o - - - - .,
Bai 10. a) mIA +nIB =0 mIA +n(JA + AB)= 0

—> — - —> —>
S(m+n)iA +nAB =0 & Al = AB (dom +n z0)

m+n

—
Do A, B ¢& dinh nén vecto AB khéng ddi.

m+n

...’.

- -

Viy tén tai mﬁt d.lémlduy nhéft thoé mIA +nlIB =

- -

b) Ta c6: mMA +n-MB =m(MI ¥ IA) +n(MI + IB)
—> o 4 -

=(m+n) MI +mIA +nlIB =(m + n) IA (dpem)

Bai 11. A

—> e

Ta cé: = AP - AM (1)
- - — P
MN = AN - AM (2) N
- - _,
Mt khde: PA + PB =
B C M
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=) 1—)

—> —> - —> 3 —¥
NA +3NC=0 = AN= EAC (4)

= AM=—-AC-—-AB (5)
2 2

Thay (3), (4), (5) vao (1), (2) ta cé:
—r —> 3 b 2 - 1 —> 3 —p
AP::AB—EAC (6) wva MN:EAB—ZAC (7)

o -
Ti (6) va (7) tacé MP=2MN = M, N, P thdng hang

Bai 12. Theo dinh ly trung tuyén, ta c6:
2
AB? 4+ BC? = 2BM? + ig_

2
~BM? = 1[ aB? + BC? - AT A
2 2

- %(25 +49 - 18) = 28

Ap dung dinh ly ham s& cosin trong A ABM

AB% + AM2 -BM? 25+9-28 .1
T 6: A= = == =
a o cos 2.AB.AM 253 5

= BinA=1’1—-1—=-2—J—g
25 5

Ap dung dinh Iy ham s6 sin trong A ABM ta cé:
__BM 27 _ 542
2.8inA 2J8 12

(R 12 ban kinh dudng trdn ngoai tiép A ABM) _
Bai 18.Tacé: b(b?-a’)=c@®-c¢*) < b’-ba®=ca’®-c’
=N b +c®=a’b +c) & pl-be+ct=2a’
(chia ca hai vé chob +¢ > 0)
o b? - be + ¢® = b + ¢’ - 2bc.cosA (dinh 1¢ cosin)
= —2bc.cosA = -bc ¢ cosA = -é— - A=60°
Thay cosA = % vao cosA +cosB=1 =cosB=1 - 3= %
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= B = 60°
= AABC la tam gidc déu.
Bai 14.

Thay {

3 yz

=2 -
da vao phuong trinh %+T =

y=-1+t¢

' 2
Ta c6: -44L+(—1+t)2=1 o tP+1-2t+t2=1

o 2 -2=0 &5 [*’:0
t=1
x=0

y=-1

x=z_ ~ Nén giao diém 1a B (2; 0)
y=

Khit=0 = { . Nén giao diém 1a A (0; -1)

Khit=1 ::»{

Bai 15.

Goi M (x; y) khi d6 ta c6:
MA?=(x+1?+(y-1°?=x%+y® + 2x - 2y + 2
MBZ=(x-12+(y-3?%=x*+y® - 2x - 6y + 10
MC?=(x-2?%+(y-57%=x%+y? -4x-10y + 29

Vay MA? + MB? + MC?* =40 & 3(x* +y*) —4x - 18y + 41 =40

& 3x%+y?)-4x-18y+1=0

<::x2+y2—%x-6y+%=0

2 4 16 2 _ %4
<=:>[x —-2.Ex+—9-]+(y -6y+9)-?

4y s 94
4:‘.'*[): 3) +(y—3) --'!9— (1) .
V4y tap hgp diém M l1a Qudng tron ¢6 phuong trinh (1)
BﬁilB.a)Tacé:m2+9—(4-m)=m2+m+5=[m2+m+%]+_j‘2

4

2
=(m+%) +%>0 vm.

Véay (e,) 12 phuong trinh dudng tron Vm

b) Goi tAm (ex) 12 I(x0; yo) ta ¢6 {:" = ;m
0 -

Vay quy tich tdm I cla (e,) 12 dudng théng y = 3.
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